r 

) 

MARYLAND 


COLLEGE  PARK  CAMPUS 

REGULARITY  OF  THE  SOLUTIONS  FOR  ELLIPTIC  PROBLEMS 
ON  NONSMOOTH  DOMAINS  IN 

PART  I:  COUNTABLY  NORMED  SPACES  ON  POLYHEDRAL  DOMAINS 

by 

Benqi  Guo 
and 

I  BabuSka 

Technical  Note  BN-1181 


19951114  043 


March  1995 


NSTITUTC  FOR  PHYSICAL  SCIENCE 
AND  TECHNOLOGY 


I>ISTRIBUnON  STATEMENT  A 

Approved  for  public  release; 
Distribution  Unlimited 


DTIC 


security  cl  AiSi  FICATIOH  THIS  PAGE  fThwi  D«<»  £nl«r«<0 


REPORT  DOCUMENTATION  PXGE  ' 

READ  INSTRUCTIONS 

BEFORE  COMPLETING  FORM 

REPORT  NUM8CR 

Techncial  Note  BN-1181 

2.  OOVT  ACCEMIOH  HO 

J.  RECIPIENT'S  CATALOG  NUMBER 

4.  TITLE  ('anrf  5ubf/f/«J 

Regularity  of  the  Solutions  for  Elliptic 

Problems  on  Nonsmooth  Domains  in]R^;  Part  I: 
Countably  Normed  Spaces  on  Polyhedral  Domains 

I.  TY.E  OF  KEPONT  *  .EAIOO  COVERED 

Final  Life  of  Contract 

6.  PCRPORMINO  ORO.  REPORT  NUMBER 

7.  AuTHO^d; 

1  2 

Benqi  Guo  -  I.  Babuska 

i.  contract  OR  grant  NUWBCRrO 

^N00014-90-J-1030 

1.  PcnfORMiNG  organization  name  and  aoorcss 

Institute  for  Physical  Science  &  Technology 
University  of  Maryland 

College  Park,  MD  20742-2431 

10.  PROGRAM  CLEMENT.  PROJECT,  TASK 

AREA  6  WORK  UNIT  NUMBERS 

i 

11.  CONTROLLING  OFFICE  NAME  ANO  AOORCSS 

Department  of  the  Navy 

Office  of  Naval  Research 

Arlington,  VA  22217 

l^arcfi^ 

17.  NUMBER  OF  RAGES 

54 

14.  monitoring  agency  name  4  A  DO  R  ESS^I/ /root  ContraWng  Of/ica) 

IS,  SECURITY  CLASS,  (o/  ihia  rapart) 

154.  DECLASSIPICATIOH/  DOWNGRADING 

schedule 

16.  DISTRIBUTION  STATEMENT  (oi  thia  Report) 


Approved  for  public  release:  distribution  unlimited 


17.  DtSTRiauTtON  STATEMENT  (of  Uia  abatrmct  fttmd  In  BUck  20,  If  dlfUrant  tn»m  Rapmrt) 


U.  SUPPLEMENTARY  NOTES 


19.  KEY  WORDS  (Ccntlmja  on  rmwtaa  aldm  it  noc»#«orr  lOmnUtr  ty  WocA 

Piecewise  analytic  date,  polyhedral  domain, neighborhoods  of  edges  and 
vertices,  weighted  Sobolev  space,  weighted  continuous  function  space, 
countably  normed  spaces. 


20.  abstract  (Canttnum  on  rvv«ra«  aidm  It  nacammmry  and  Idanttiy  hy  klock  mamkaf)  | 

This  is  the  first  of  a  series  of  three  devoted  to  the  regularity  of  solution  of  elliptic  problems  on 
nonsmooth  domains  in  R^.  The  present  paper  introduces  various  weighted  spaces  and  countably 
weighted  spaces  in  neighborhood  of  edges  and  vertices  of  polyhedral  domains. 

These  well-defined  spaces  are  the  foundations  for  comprehensive  study  of  the  regularity  theory? 
of  elliptic  problem  with  piecewise  analytic  date  in  R^. 


DO  I  j*h*T1  1473  eOlTION  Of  I  MOV  »•  11  O.IOLITI 


S  N  OlOJ-  LF-  0'4-  6401 


ItCU.lTY  CLAllIf  ICATIOM  Of  ThiI  f  *Of  D»i» 


REGULARITY  OF  THE  SOLUTIONS 
FOR  ELLIPTIC  PROBLEMS 
ON  NONSMOOTH  DOMAINS  IN  IR" 

Part  I:  Countably  Normed  Spaces 
On  Polyhedral  Domains 

Benqi  Guo^ 

Department  of  Applied  Mathematics 
University  of  Manitoba 
Winnipeg,  Manitoba,  Canada  R3T  2N2 

and 

Ivo  Babuska* 

Institute  for  Physical  Science  and  Technology 
University  of  Maryland 
College  Park,  Maryland,  U.S.A.  20742 

Abstract 

This  is  the  first  of  a  series  of  three  devoted  to  the  regularity  of  solution  of  elliptic 
problems  on  nonsmooth  domains  in  IR^.  The  present  paper  introduces  various  weighted 
spaces  and  countably  weighted  spaces  in  neighbourhood  of  edges  and  vertices  of  poly¬ 
hedral  domains,  and  it  concentrates  on  exploring  the  structure  of  these  spaces  such  as 
the  imbeddings  of  weighted  Sobolev  spaces,  the  relation  between  weighted  Sobolev  spaces 
and  weighted  continuous  function  spaces,  and  the  relations  between  the  weighted  Sobolev 
spaces  and  countably  weighted  Sobolev  spaces  in  Cartesian  coordinates  and  in  the  spher¬ 
ical  and  cylindrical  coordinates. 

These  well-defined  spaces  are  the  foundations  for  comprehensive  study  of  the  regu¬ 
larity  theory  of  elliptic  problem  with  piecewise  analytic  date  in  IR^,  which  are  essential  for 
the  design  of  effective  computation  and  the  analysis  of  the  h  —  p  version  of  the  finite  ele¬ 
ment  method  for  solving  elliptic  problems  in  three-dimensional  nonsmooth  domain  arising 
from  mechanics  and  engineering. 

Keywords;  Piecewise  analytic  date,  polyhedral  domain,  neighbourhoods  of  edges  and 
vertices,  weighted  Sobolev  space,  weighted  continuous  function  space,  countably  normed 
spaces. 

AMS(MOS)  Subject  Classification:  35A20,  35B65,  46B20,  46E35. 

f  Partially  supported  by  National  Science  and  Engineering  and  Research  Council  of  Canada 
under  Grajit  OGP0046726. 

*  Partially  supported  by  U.S.  office  of  Naval  Research  under  Grant  N00014-90-J1030. 


Accesion  For 

NTIS 

CRA&I 

DTIC 

TAB 

s 

Unannounced 

□ 

Justification 

By 

Distribution  / 

Availability  Codes 

Dist 

tL 

Avail  and/or  1 

Spe 

cial 

-  1  - 


L  INTRODUCTION 


In  engineering  applications  many  problems  in  IR^  are  characterized  by  partial  differential 
equations  with  piecewise  analytic  data  such  as  nonsmooth  domains,  abruptly  changes  of  types 
of  boundary  conditions,  piecewise  analytic  coefficients  and  boudary  conditions,  etc.,  for  instance, 
the  physical  domains  of  structral  mechanical  problems  often  have  edges  and  vertices,  interfaces 
between  different  materials  and  material  cracks.  The  solutions  of  these  problems  have  strong  sin¬ 
gularities  at  the  edges  and  vertices  and  around  the  cracks,  which  make  the  conventional  numerical 
approximation  extremely  difficult  and  inefficient.  Hence  comprehensive  study  on  the  regularity 
of  the  solutions  of  elliptic  problems  in  IR^  with  piecewise  analytic  data  is  of  great  significance 
not  only  for  theoretical  reasons  but  also  for  the  desigh  of  effective  computations  and  the  optimal 
convergence  of  numerical  method  for  these  problems. 

The  regularities  of  the  solutions  on  nonsmooth  domains  are  typically  described  in  terms  of 
usual  Sobolev  spaces  and  the  asymptotic  expansions  where  the  solutions  are  decomposited  into 
regular  and  singular  parts  (see  [13,14,15,17,18,19,20,32,33,34,36,37,38,41]).  Recently  the  classical 
weighted  Sobolev  spaces  and  of  finite  order  with  Kondrat’ev-type  and  Maz’ya-type  weight, 
respectively,  were  used  to  investigate  the  regularities  of  high-order  derivatives  of  the  solutions 
(see  [35,40,42]).  These  regularity  results  are  important  and  useful  for  the  regularity  theory  for 
elliptic  problems  on  nonsmooth  domains  and  for  solving  these  problems  by  conventional  numerical 
approaches.  But  these  results  do  not  characterize  sufficiently  the  class  of  solutions  of  the  problems 
in  applications.  The  solutions  w(a:)  of  many  practical  problems  on  polygonal  and  polyhedral 
domains  may  be  analytic  except  at  the  vertices  and  edges,  and  their  derivative  of  order  k  >  1 
may  grow  rapidly  as  x  tends  to  the  vertices  or  edges  and  as  k  increases.  The  regularity  described 
by  usual  Sobolev  spaces  and  the  classical  weighted  Sobolev  spaces  and  is  unable  to  reflect 
these  natures  of  singularity,  and  the  quantitative  features  of  the  growth  of  the  derivatives  of  high 
order  are  totally  neglected.  These  features  are  extremely  important  for  numerical  analysis  and 
effective  computations.  Hence  we  need  a  new  regularity  theory  for  elliptic  problems  with  piecewise 
analytic  data,  which  allows  us  to  construct  a  maximally  effective  numerical  method  and  to  achieve 
the  optimal  rate  of  convergence.  It  has  been  proved  by  the  approximation  theory  of  the  h  —  p 
version  of  the  finite  element  methods  and  confirmed  by  computational  practices  that  the  optimal 
rate  is  the  exponetial  rate  with  respect  to  the  number  of  degree  of  freedom. 

We  have  found  that  the  most  proper  regularity  theory  which  best  serve  the  goal  of  numerical 
analysis  is  the  one  described  in  the  frame  of  countably  normed  spaces  which  provide  us  with 
qualitative  as  weU  as  quantitative  analysis  of  the  solutions  and  their  derivatives  of  any  order. 
Based  upon  this  regularity  theory  it  has  been  shown  theoretically  and  computationally  that  the 
exponential  convergence  of  the  h—p  version  of  the  finite/boundary  element  method  can  be  achieved. 
The  regulairty  theory  of  this  type  for  two-dimensional  problems  on  nonsmooth  domains  have  been 
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well  established  in  1980’s.  Here  we  refer  to  [4,5]  and  [27]  for  the  boundary  value  problems  of  scalar 
equation  and  elasticity  equations,  to  [10]  for  the  eigen  value  problems  and  to  [25]  for  the  interface 
problems.  These  regularity  results  have  successfully  led  to  the  proof  of  the  exponential  convergence 
of  the  h  —  p  version  for  problems  on  polygonal  domains.  For  the  h  —  p  version  of  the  finite  element 
and  boundary  element  method  we  refer  to  [6,11,22,23,24,29,30],  and  refer  to  [2,8,9,21]  for  the  h  —  p 
version  in  three  dimensions,  which  has  been  addressed  recently  in  1990’s.  Since  the  regularity 
results  in  two-dimensions  can  not  be  directly  and  easily  generalized  to  the  three  dimensional  case, 
we  have  to  establish  a  regularity  theory  for  three-dimensional  problems  on  polyhedral  domains, 
which  is  much  more  complicated.  The  complexity  of  the  singularity  for  the  three  dimensional 
problems  is  caused  not  only  by  the  higher  dimension,  but  also  by  the  totally  different  characters 
of  singularities,  namely,  edge  singularity,  vertex  singularity  and  vertex-edge  singularity.  Hence  we 
have  to  find  proper  weight  functions  and  proper  countably  normed  spaces  in  neighborhoods  of  edges 
and  vertices  separately  so  that  these  spaces  can  characterize  precisely  and  sufficiently  the  singular 
feature  in  different  neighborhoods  of  the  domain.  It  is  worth  indicating  that  the  structure  of  the 
dynamical  weights  used  in  this  series  is  different  from  ones  of  Kondrat’ev-type  and  Maz’y^-type. 
The  power  of  the  weight  for  the  m-th  derivaties,  0  <  m  <  fc,  is  fixed  or  decrease  as  m  increase  for 
functions  belonging  to  the  classical  spaces  Vjg  and  respectively.  Consequently  the  spaces  Vjg 
and  must  be  of  finite  order.  On  the  contrary  the  power  of  the  dynamical  weight  associated 
with  the  spaces  increases  as  m  increases,  which  allow  us  to  introduce  the  countably  normed 
spaces  Bjg  and  Cjg  to  precisely  reflects  the  nature  of  singularities  on  finite  polygonal  and  polyhedral 
domains.  Hence  the  regularity  theory  given  in  our  series  has  obvious  advantages  in  engineering 
applications. 

This  series  consisting  of  three  papers  is  devoted  to  the  analysis  of  regularity  of  the  solutions 
of  elliptic  problems  on  nonsmooth  domains  in  IR^  in  the  frame  of  countably  normed  spaces.  The 
first  paper  concentrates  on  establishing  the  theory  of  the  countably  normed  spaces  3^  and  Cjg 
and  the  weighted  Sobolev  spaces  furnished  with  the  dynamical  weights  over  polyhedral  domains. 
The  second  one  deals  with  the  existence  and  uniqueness  of  the  weak  solution  for  elliptic  problem 
with  data  given  in  the  weighted  Sobolev  spaces  and  analyzes  the  regularity  of  the  solution  in 
neighborhoods  of  edges  of  polyhedral  domains.  The  regularities  in  neighborhoods  of  vertex-edges 
and  inner-neighborhood  of  vertices  are  addressed  in  the  third  paper. 

In  present  paper  (Part  I)  we  introduce  countably  normed  spaces  with  weighted  Sobolev  norms 
and  weighted  -  norms.  As  a  framework  for  comprehensive  study  of  regularity  theory  we  shall 
explore  the  structures  of  these  spaces  qualitatively  as  well  as  quantitatively  as  to  be  sure  that  these 
spaces  meet  our  theoretical  and  numerical  purposes.  In  Section  2  we  define  various  neighborhoods  of 
edges,  vertex-edges  and  inner-neighborhoods  of  vertice,  and  the  weighted  Sobolev  spaces  and 
the  countably  normed  spaces  in  Cartesian  coordinates  on  these  neighborhoods  and  the  whole 
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polyhedral  domain.  Section  3  addresses  the  imbeddings  of  the  weighted  Sobolev  spaces 

usual  Sobolev  spaces  with  fraction  order  and  continuous  function  spaces.  The  weighted  Sobolev 

k  i  I 

spaces  'Hp  and  the  countably  normed  spaces  in  cylindrical  coordinates  on  neighborhoods 
of  edges  and  in  spherical  coordinates  on  neighborhoods  of  vertices  are  given  in  Section  4,  and 
the  relation  between  these  spaces  and  those  in  Cartesian  coordinates  are  established  there.  We 
introduce  in  Section  5  the  countably  normed  spaces  in  weighted  continuous  function  norm,  and 
their  relation  with  those  with  weighted  Sobolev  norm  are  fully  addressed  in  this  section. 

2.  PRELIMINARY 

2.1.  The  Neighbourhoods  Of  Edges,  Vertices  And  Vertex-edges. 

Let  ft  be  a  polyhedral  domain  in  and  let  Fi,  i  G  T  =  {1,2,3...,/}  be  the  faces  (open), 
A,j  be  the  edges,  which  are  the  intersections  of  fj  and  Fj,  and  Am,  m  E  M  =  {1,2, ...,M} 
be  the  vertices  of  ft.  By  Jm  we  denote  a  subset  {j  €  I  \  Am  €  fj}  of  T  for  m  G  M.  Let 
£  =  {ij  I  i,j  G  T,f  j  n  f  j  =  A,j},  and  let  Cm  denote  a  subset  of  £  such  that  Cm  =  {‘ij  €  C  |  Am  € 
f,nf  j  =  A,j}.  We  denote  by  Ujj  the  interior  angle  between  F,-  and  Fj  for  ij  G  C.  Let  F°  =  Utex> 
and  F^  =  Uj6jVr»  where  2?  is  a  subset  of  J  and  Af  =  I  \V.  For  m  G  A4,  T^m  =  V  f\  Jm  and 
Afm  ~  A/*  n  Xm  • 


Figure  2.1  Polyhedral  Domain  ft 

For  effectively  studying  the  regularity  of  the  solution  of  elliptic  problems  on  polyhedral  domain 
we  shall  decompose  the  domain  into  various  neighbourhoods  of  low- dimensional  manifolds. 
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We  define  a  neighbourhood  of  the  edge  Ajj,  shown  in  Figure  2.2  and  assume  that 

A«i  =  {a:  =  (xi,X2,X3)  |  a;i  =  a;2  =  0, a  <  a;  <  6},  as  follows: 

Wei,,fi..(Aij)  =  {iGft|0<r  =  dist(a:,  Aij)  <  Sij,a  +  6ij  <  xs  <  b  -  %}. 

It  can  be  written  as  x  Is^.  with  Qe^.  =  {{r,9)  |  0  <  r  <  £,0  <  0  and  = 

+  — ^ij),  where  {t,6^xz)  are  cylindrical  coordinate  with  respect  to  the  edge  Ajj,  Sij  and  6ij 

are  selected  such  that  f/e.,  ,«j,  (Ao  )  0  Ff  =  0  for  €  €  I,  ^  i,j. 


Figure  2.2  Neighbourhoods  of  Edges  and  Vertices 
(a)  the  neighborhood  Z^6j,,5(,(A<j);  (b)  the  neighborhood  Os^{Am)\ 

(c)  the  neighborhood  Vs^,aij{AmiA.ij)\  (d)  the  inner  neighborhood 
By  Os^iAm)  we  denote  a  neighbourhood  of  the  vertex  A^,  shown  in  Figure  2.2, 

=  {a:efi|0<p  =  dist(a:,  Am)  <  <5m}. 

Here  we  assume  that  Am  is  in  the  origin  and  0  <  <  1  such  that  0$^  ( n  f  £  =  0  for  any 

£  €  (I  \  Im)*  We  need  further  to  decompose  Os^(Am)  into  several  neighborhoods  of  vertex-edge 
and  an  inner-neighbourhood  of  vertex. 


We  introduce  a  neighbourhood  shown  in  Figure  2.2,  by 


—  {2?  ^  ^bjn^-^m)  I  0  <  0  <  <^ij} 

where  is  the  angle  between  the  edge  Atj,  ij  G  Cm  and  the  radial  from  Am  to  the  point  x.  We 
always  assume  that  the  vertex  Am  is  at  the  origin  and  the  edge  Aij  lies  along  the  positive  a^a-axis. 
Let  ((/>,  0,p)  be  the  spherical  coordinates  with  respect  to  the  vertex  Am  and  the  edge  Aij,  then 
Vs^,<Tii{Am,Kj)  =  San  ^  with  =  (0,<5m)  and  S^n  =  {(^,<?)  |  0  <  <  aij,Q  <  0  <  Uij} 

aij  G  (0, 1^)  is  selected  such  that 

(A77J, ,  Ajj)  n  =  Am  for  all  k£.  G  Cm^  k£  ^  ij» 

Next  we  define  an  inner- neighbourhood  Os^{Am)  of  the  vertex  Am^  by 

^bmi^rn)  C)sj^{Am)\  [J 

ij€Cjn 

which  is  shown  in  Figure  2.2. 

Let  Sij  <  ^Smcoscij,  and  Sij  >  l^mSincTjj  for  ij  G  £m,  m  £  M.  Then  Qq  =  \ 

contain  no  vertices  and  edges  of  the  polyhedral  do¬ 
main  fi,  which  is  called  the  regular  region  of  fi,  and  fio  H  ^en ,5ij{S.ij)  0,  fio  H  Os^iAm)  =  0, 
^0  n  Vs„,an(^m,Aij)  ^  0  for  any  ij  £  Cm  and  m  G  M.  Meanwhile  we  note  that  Us^ ,6ij{Aij)  n 
^  0  for  ij  G  Cm  and  me  M. 

For  the  sake  of  simplicity  we  shall  write  Hij  or  li(Aij)  Vm,ij  or  V{Am-,Aij),  Om  or  0{Am) 
instead  of V6„,an{^m,Aij)  and  O^^iAm)- 

2.2.  The  Weighted  Sobolev  Spaces  And  Countably  Normed  Spaces  BJg(fi). 

By  k  >0  integer,  we  denote  the  usual  Sobolev  space  on  Q,  with  the  norm 

<T<\o(\<k 

where  a  =  (01,02, 03)5  |a|  =  Oi  -f  02  -f  03,  D°'u  =  is  the  weak  (or 

distributional)  partial  derivative.  As  usual,  H®(ft)  =  L^(f2),  Ho(fl)  =  {n  G  H^(f^)  |  u  =  0  on  F®}, 

|a|=*; 


|D*'w|2  =  ^  |D"up. 
|a|=A: 
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and 


It  is  weU  known  that  the  solutions  of  elliptic  problems  in  polyhedral  domains  may  be  very 
singular.  The  usual  Sobolev  spaces  are  not  sufficient  to  describe  the  natures  of  regularities  of 
high-order  derivatives  of  the  solutions.  Hence  we  shall  introduce  the  weighted  normed  spaces  and 
countably  normed  spaces  which  are  defined  in  individual  neighbourhoods  of  edges,  vertex-edges 
and  inner-neighbourhoods  of  vertices. 

Let  r  =  r(x)  =  dist(a;,  Ajj)  for  x  €  Uij  and  /3,y  6  (0, 1).  The  weight  function  is  defined  by 

for  |a'|  =  oi  -f  012  >  ^ 
for  ja'I  <  1. 

The  weighted  Sobolev  space  and  the  countably  normed  space  with  integer  k 

and  £,  k  >  £  >  0  are  defined  as 


(2.1) 


H 


0<|a|<  A: 


and 


for  all  A  >  ^,  and  \\^^^f.ix)D<^uU^u,.^  <  Cd“a!}. 

Hereafter  and  a!  :=  Q;i!a2!«3!)  the  constants  C  >1  and  dj  >  1  are  independent 

of  a. 

Next,  let  p  =  p{x)  and  (j)  =  <t>(x)  be  as  before  for  x  G  Vm,ij-  We  define  a  weight  function  for 
integer  £  >0  and  a  pair  of  real  numbers  I3m,ij  =  (PmiPij)  with  Pm  €  (0,  j)  and  Pij  €  (0, 1) 

I"  p^'»+l"l“^(sin  for  |a'|  =  Oi  -1- 0:2  > 

pl3m+\°‘\-i^  for  la'j  <  ^  <  |a| 

t  1,  for  |a|  <  £, 

and  we  have  the  weighted  Sobolev  space  with  integer  k  >£  over  the  neighbourhood  Vm,ij 


(x)  =  I  nl^r.  +  \<^\-(: 

Hm,i}  '  '  1 


and  the  countably  normed  space 

=  {«  e  Hjf  ,/V,n,u)  for  aU  fc  >  A  and  <  Cd^al}. 

We  now  introduce  a  weight  function  in  inner-neighbourhood  Om  of  the  vertex  Am  with  an 
integer  ^  >  0  and  a  real  number  Pm  €  (0,  j) 


^  ^  for  \a\  > 

'  \  1,  for  jal  < 


with  p  =  p(x)  being  defined  as  before  and  define  the  weighted  Sobolev  space  on  Om  with  integer 
k>£ 


H 


|o|<A: 
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<  00 


and  the  Countably  normed  space 


=  {«  e  Hjf  (0™)  for  aU  A;  >  A  and 

By  (3  we  denote  a  multi-index  {I3m,0ij,fn  €  M,ij  €  £)  with  €  (0, 1)  and  /3jj  €  (0,1). 
Then  the  weighted  Sobolev  space  H^’^(O)  over  H  is  a  set  of  functions  such  that  their  restrictions 
belong  to  H^(fto),  and  Hjf  ,.(V,n,ij)  for  aU  ij  e  and  m  £  M,  furnished 

with  the  norm 


ll«l 


=  +  E 

ij^C 


U\ 


+  E 

m6A1 


I-IIhm 


(On 


+  E  E  ii«ii 

meM  ij£Cm 


The  countably  normed  space  B^(J2)  consists  of  aU  functions  such  that  their  restrictions  belong 
to  Bp^{dm)  and  B^^  for  any  ij  G  Cm  and  m  e  M,  and  their  restrictions  on 

fto  are  analytic. 

Although  /?  is  a  multi-index,  it  has  local  interpretations  in  the  individual  neighbourhoods, 
namely,  =  f3m  in  the  inner- neighbourhood  Omi  (3  =  I3ij  in  the  neighbourhood  liij  and  /?  = 
in  the  neighbourhood  Vm,ij-  Consequently,  we  shall  write 


rk/f 


etc. 


B^piOm)  = 


B${Vm,iJ 


)  = 


3.  IMBEDDINGS  OF 

In  this  section  we  shall  prove  imbeddings  of  into  spaces  of  continuous  function  and 

fractional-order  Sobolev  spaces.  These  imbedding  theorems  are  of  great  importance  not  only  for  the 
regularity  of  the  solutions  for  elliptic  problems  on  polyhedral  domains,  but  also  for  the  numerical 
approximation  for  these  problems  (see  [8,9,21]). 

3.1.  Imbedding  Of  Into  Fractional  Order  Sobolev  Spaces. 

For  non-integer  5  >  0,  the  space  H®(JI)  is  defined  as  a  fractional  order  Sobolev  space  (see  [1]). 

Lemma  3.1.  Let  u  G  H|],^(ZYij)  with  ^ij  G  (0,1),  and  u{x)  =  0  for  x  =  {xi,X2,X3)  G  Uij  with 
r  =  (xi  +  X2)^  >  jeij.  Then  u  G  B}'^^{Uij)  for  0  =  1  -  I3ij  -  e,  e  >  0  arbitrary,  and 

(3.1)  ll^llHl+»(Uij)  <  ^11^11^2,2^..). 

Proof.  Let  Hij  =  =  Qe^  x  Isi-  with  =  (a -t- ^jj,6  -  ^ij)  and  Qe^  =  {x  =  (xi,X2)  | 

0  <  7-  =  (xj  -t-  x^)5  <  £i_,-,0  <0  <  Wij}.  For  xo  =  (xo,i,xo,2)  =  (rocos(wij/2),rosin(a;ij/2))  with 

-  8  - 


ro  €  (0,£:jj72)  we  let  Ul^  =  {a:  =  {xi  +  a;o,i,a:2  +  a;o,2,®3)  €  I  (a;?  +  <  eij/2}.  Then 

obviously  C  Uij  for  any  tq  £  {0,Sij/2). 

Define  now  vo{x)  =  u{xi  +  xo, 1,2:2  +  xo,2,X3)  for  x  £  Qe„/2  x  and  vo{x)  =  0  for  x  € 
Uij  \  {Se../2  X  /tf.y),  and  u;o(x)  =  «(x)  -  Vo(x).  Then  vq  £  H^(W,j)  and  wq  €  H^(ZYjj).  Further  we 
have 

(3.2)  llvo(a;)||Hi(Wi,)  ^  <^lkllH>(w.,) 


and 


\\D'‘n,\\hiu„)=  E  /  T,^D-v,\UX 

|al=2 

<  /  \D^ 


^  “0 


dx 

dx. 

Julf 

which  together  with  (3.2)  implies 

(3.3)  ||Vo||H2(t/ij)  <  ^*”0  ^’Ml^llH|’^,(W,y)- 

Let  now  x  €  Wjj,  x^  =  (xi  +  rxo,i,X2  +  rxo,2,X3),  0  <  r  <  1.  Then 

d  _ 

-wo{x)  =  J  —u{xr)dT=  j  xo  •  (Vx^)(^T)dr 
where  Vs  =  Hence  we  have  by  Schwartz’s  inequality,  for  0  <  s  <  | 

|wo(x)l  ^  xq  f  |(V£w)(2:t)|  dt 
Jo 


<Cro(^J  |( V*w)(®t)| dr^  , 


therefore 


ll’«o||l2(w,y)  <  Crl  \{D^u){xr)\'^T^^  dr 

—  C'fn  /  dr  f  \D^u\^  dx. 

Jo  Jup 

Selecting  5  =  0  we  get 


(3.4)  l|u;ollL2(t/o)  -  ^^o|lw||Hi(i/ii)  - 

Pij 

with  C  independent  of  ro. 
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Note  that  r  —  (x?  +  *2)^  ^  for  x  G  Then  we  have 

ll-D^wo||i,2(i^..)  <  Cr^  /  dr  \D'^u\^  dx 

t/ 0  v  ^ij  ^ 

^  ^^0  /  'r^*(rro)~^^‘^  dr  I  \D^u\^r^^‘’  dx 

Jo  Ju"'''° 

*J 

Due  to  the  assumption  that  /?jj  <  1,  we  can  select  s  =  ^  which  leads  to 
(3.5)  ||D^tDo||L2(i/j,)  <  C'j'q 

with  c  depending  on  /3ij,  but  not  on  tq.  Combining  (3.4)  and  (3.5)  we  have 

(3-6)  llrfollHMi^ii)  -  ^^0  ^’^^ll“llH^'.^.(Wi,)- 

Using  the  A'-method  for  interpolation,  (see  [12])  we  define 

K(u,t)  =  inf  (||V’||Hi(t/.>)  +  ^II¥>IIh2(W(,)) 

rl>£U‘(Uij) 

Obviously  by  selecting  xl)  =  u  and  <f  =  0  we  get 


(3-7)  K{u^t)  < 

Selecting  <^  =  0  and  xj)  =  wo  gives  us 


(3.8)  K{u,t)  <  C1|u||h2,2  )(ri^  +  irg  ). 

Pij 

The  norm  of  the  space  is  defined  (see  [12]) 

poo  J. 

By  (3.7)  and  (3.8)  we  have 


I  \t  <  ll“llH^.^,(i/,,)  / 

Jl  Pij 


^K{u,tt^<C\\u\ 


#—25+1 , 


By  selecting  ro  =  t  and  6  =  1  —  Pij  —  e,  e  >  0  arbitrary,  we  obtain  (3.1).  ■ 

The  lemma  now  enables  us  to  prove  the  imbedding  theorem. 
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Theorem  3.1.  is  imbedded  into  H^+®(ZYij)  for  ^ij  e  (0,1)  and  0  =  1  —  l3ij  —  e, 

£  >  0,  arbitrary. 

Proof.  Let  (p(^)  €  C°°(]R^)  such  that  (p(^)  =  1  for  0  <  ^  <  |  and  =  0  for  ^  >  1.  For 
u  €  define  v(x)  =  u(x)(p{^)  and  w{x)  =  u{x)  —  v{x).  Then  t>(a;)  =  0  for  a;  G  Kij  with 

r  >  ^Eij,  and 

ll^llH|-^.(Wi,)  ^  C\\u\\yi2.2(u..).  ■ 

Then  applying  (3.1)  to  v  implies  that  v  €  H^+^(Z/,_,)  for  0  =  1  -  Pij  -  £,  £  >  0  arbitrary,  and 

Note  that  Supp.w  C  \Z4ij/2.6o5 

lkllH2(Wo)  ^ 

Hence  u  G  H^"*'®(i/,j)  with  0  =  1  —  —  e,  e  >  0,  arbitrary,  and  the  proof  is  completed.  ■ 

The  arguments  can  be  carried  out  for  the  space  with  any  integer  f  >  1,  and  we  have 

the  Corollary  3.1. 

Corollary  3.1.  Hj^’^(Wij)  is  imbedded  into  for  k  >  £  >  1,  j3ij  G  (0,1)  and  0  = 

1  —  /?,j  —  £,  £  >  0,  arbitrary. 

Next,  let  us  consider  the  imbeddings  of  H|’^(Om)  into  a  fractional  order  Sobolev  space. 

Lemma  3.2.  Let  u  G  with  /dm  €  (0,  j)  and  u(x)  =  0  for  x  =  (xi,X2,X3)  G  Om  with 

p  =  (xi  +  X2  +  2:3)5  >  Then  u  G  H^'*'®((5m)  with  0=1- Pm -£,£>0  arbitrary,  and 

(3-10)  ll“llHi+<'(d„)  - 

Proof.  Om  is  a  star-shape  domain  with  the  center  at  the  vertex  Am  (the  origin).  Let  xq  = 
(a:o,i»®o,2>®o,3)  €  Om  with  po  =  (a:o,i+a;o,2+a:o,3)^  ^  (0?  I^m)-  Then  analogously  as  in  Lemma  3.1 
we  define 

0^^  =  ^X  =  XAXq\x£  OmM  <  i^m}. 

Then  0^  C  Om  for  any  po  <  \^m-  Now  we  will  proceed  very  similarly  as  in  Lemma  3.1.  Define 
Vo(a:)  =  u{x  -f  xq)  and  wo(x)  =  u(x)  -  uo(x).  Then  vq  G  H^(Om)  and  u>o(a:)  =  H^(Om)-  It  can  be 
proved  in  the  same  way 

(3.11)  II^o||h2(o„)  ^  ll^lliig^ (6„) 

and  for  /  =  0, 1  and  s  G  [0,  |) 
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Noting  that  p  =  (xj  x\-^  x\)^  >  rpo  for  x  €  0'^°  and  <  j  we  have  for  s  =  0 


(3.12) 

and 


(3.13) 


M•-u|lL2(0„ 


2 

h^Om) 


(3.12)  and  (3.13)  yield 


(3.14) 


Defining  the  fractional  order  space  'S^'^^{Om,)  by  A^-method  and  arguing  as  in  Lemma  3.1  we 
get  u  €  H^'*'*(0m)  for  0  =  1  —  /3to  —  e,  £  >  0  arbitrary,  and  (3.10)  holds.  ■ 

Analogously,  Lemma  3.2  leads  to  Theorem  3.2  and  Corollary  3.2. 

Theorem  3.2.  H^’^((5ni)  is  imbedded  into  for  Pm  €  (0,  j)  and  ^  =  1  —  Pm  —  £,  £  >  0 

arbitrary.  m 

Corollary  3.2.  H^^(0m)  is  imbedded  into  H^~^'^^(Om)  for  Pm(0,j),  k  >  £  >  1  and  ff  =  1  — 
Pm.  —  £,£>£)  arbitrary.  m 

We  now  address  imbeddings  of  ,y(Vm,ii)  into  H^‘''^(VTO,ij)  with  0  <  ^  <  1. 

Lemma  3.3.  Let  u  G  . .  (V^.ij)  with  Pm,ij  =  (Pm-,Pij),  Pm  G  (0,  !•),  Pij  G  (0, 1)  and  u(x)  =  0 
for  x  =  (xi,X2,a;3)  €  Vm,ij)  with  p  =  {xl,+xl  +  x|)5  >  Then  u  €  H^+®(VTO,ij)  with 

0=1  —  max.{Pij,Pm)  —  £,  £  >  0  arbitrary,  and 


(^•^b)  ll“l!H'+»(Vm,jj  )  ^  ^llnlln^.^  (v„  j.)- 

Proof.  The  domain  Vm,ij  is  a  star-shape  domain  with  the  center  at  the  vertex  Am  (the  origin). 
Let  xo  =  (a:o,i,®o,2,a;o,3)  €  Vm.ij  with  pa  =  (xq^  -f  Xo,2  +  2^0,3)^  ^  (0,  l^m)-  Then  analogously  as 
in  Lemma  3.2  we  define 

^m,ij  ~  |x  =  X-l-Xo|xG  VTO,jj,/j(x)  < 

The  Vm,ij  ^  for  any  po  <  jSm-  Let  us  define  vq  =  u(x  -|-  xq)  and  wq  =  u(x)  —  vq.  Then  we 
have 


(3.16) 


||no||Hi(V„,.y)  <  l|w||H2(Vm,.',) 
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and 


(3.17)  \\^^^o\\h(Vm.ii)-  [  <  /  \D^ufdx. 

Let  us  note  that  p  =  p{x)  >  po  for  any  x  €  and  r  =  r{x)  =  (xf  +  =  pix)  sin  <j)(x)  > 

tq  =  r'(xo)  =  Po  sin^O)  where  (j)  =  <^(x)  and  <f)o  are  the  angles  between  the  edge  Ajj  and  the  radial 
from  the  origin  to  x  and  xo»  respectively.  If  >  Pij  we  have 

f  \D^uf  {sin p^^’"  dx  =  f  \D^u\^(-^  ’ p^^”' dx 

>rl^‘’  f  dx 

(3.18)  ”*•' 

>  /  \D^u\‘^dx 

Jv'’° .  ■ 

m,t3 

=  PQ^’”(sin  /  \D^u\^  dx. 

Jv'’° . . 

m,tj 

Analogously  we  get  for  <  fiij 

f  \D'^u\^{sin(f>Y^‘’ p'^^”' dx  =  f  dx 

Jv'’°  Jv'’° 

m,»j  m,ij 

(3.19)  J \D^u\‘^dx 

^m,ij 

> (sin  dx, 

m  ,ij 

In  either  cases  we  always  have  that  for  7  =  max(/?tj,/?7n) 

L  |X>^u|^  dx 


(3.20) 


m,ij 

,-27^ 


<C'po^^(sin<^o)-^'^-'lh||^H^..  (V  .) 

e,n,ir 

Analogously  as  in  the  proof  of  Lemma  3.2  we  get 

ll-0'«’o|lL2(v„,i,)  J  J  \D‘+^u\‘^dx 

with  s  G  [0,  |)  and  1  =  0,1.  Therefore,  for  /  =  0  and  s  =  0  we  have 

lk||L2(V,„,0)  <  C'l>ol|u||H2(V,„,.y). 
and  for  /  =  1  and  s  =  /3ij/2  <  |-  we  have  by  (3.20) 

<  Cpo^^“'^^(sin<^o)“^^‘^||MllH2.2  ,,(v,„...,.] 


,)• 
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Theorem  3.3.  is  imbedded  into  for  /3ra,ij  =  {ldm,Pij)  l^m  e  (0,|), 

I3ij  €  (0, 1)  and  0  =  1-  max(/?TO»  Aj)  —  £,  £  >  0  arbitrary. 

Proof.  For  u  G  defined  n(a;)  =  (p(j^)u(x)  and  w(x)  =  u  -  v{x)  when  v?(^)  is  a 

(7°° -function  as  before.  Then  v{x)  C  ,,{Vm,ij)  and  vanishes  for  x  G  Vm,ij  with  p{x)  >  jSm- 
By  Lemma  3.3  v{x)  G  with  0  =  l  —  max{l3m,Pij)  —  £,  £  >  0  arbitrary,  and  (3.15)  holds 

for  v{x).  Further  note  that  Supp.«;(®)  C  Vi  =  \  Then  w{x)  G  and 

II  -  II  IIH^^  ..(V^.o) 

Due  to  Theorem  3.1  w{x  )  G  H^+®'(Vi)  with  O'  =  1  -  ^ij  -  €,  £  >  0  arbitrary,  and 

This  establishes  the  desired  imbeddings.  ■ 

Corollary  3.3.  is  imbedded  into  for  k  >  £  >  1  and  0  =  1  — 

max(/?,j,/3m)  —  £,  £  >  0  arbitrary.  ■ 

Let  us  note  that  fl  =  SIq  U(Ui,e£ ^ij)  (Umejw  (U and  that  fio  H Uij  0, 

n  Om  0  and  fio  H  Vm.ij  7^  0  for  all  ij  G  Cm  and  m  £  M.  Due  to  the  definition  of  the  space 
H^’^(f2),  u  G  H^(Jlo)  C  H^+^(fio)  for  any  0  G  (0,1).  Combining  the  theorems  above  together  we 
have 

Theorem  3.4.  H^’^(fl)  is  imbedded  into  H^'^®(D)  with  0  =  minjj,m(l  —  l^mi  1  —  fiij)  —  £,  £  >  0 
arbitrary. 

Corollary  3.4.  Hj^’^(fi)  is  imbedded  into  with  k  >  £  >  1  and  0  =  minjj,TO(l  —  /3m>  1  ~ 

^ij)  —  e,  e  >  0  arbitrary.  ■ 

3.2.  Imbedding  Of  H|^’^(D)  Into  The  Space  Of  Continuous  Functions. 

The  continuity  is  a  very  important  property  of  the  solution,  and  it  is  essential  for  approxima- 
biUty  of  the  solution  by  numerical  method.  The  regularity  of  the  solution  in  terms  of  Sobolev  space 
H®(fl)  implies  the  continuity  in  the  three  dimension  if  s  >  |.  The  solutions  of  elliptic  problems 
on  polyhedral  domains  belong  to  H^’^(fl)  but  not  necessarily  to  H*(D)  with  s  >  |.  Therefore  the 
imbedding  results  of  Hj^’^(fi),  k  >  £  >  2  into  spaces  of  continuous  function  are  of  great  impor¬ 
tance  to  the  regularity  theory  of  the  solution  of  elliptic  problems  in  polyhedral  domains  and  the 
approximation  theory  of  numerical  methods. 

As  in  previous  sections  we  address  the  imbeddings  in  each  neighbourhoods  of  edges  and  vertex- 
edges  and  inner  neighbourhoods  of  vertices,  and  we  start  with  the  imbedding  of  H|’^(Zyjj)  into 
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By  Wi+e,2(lR^),  0  <  0  <  1  we  denote  the  completion  of  C^-functions  with  the  norm 

/oo 

^3)|1hi+<>(IR2)  ^^3  +  ^2  ll^*^^a:3llL2(IR3)  +  II^IIh1(IR3)- 

|a|=l 

Then  we  have  the  following  lemma 

Lemma  3>5>  Wi4.^^2(IR'^)  is  imbedded  in  C®(IR^). 

Proof.  Since  C^(IR^)  is  dense  in  1^  is  sufficient  to  show  that  for  u(a;)  G  C^(]R^) 


(3-23)  ||^||cO(IR3)  < 

Let  y(^)  denote  the  Fourier  transform  of  u(a;),  ie. 

and  let  ^f,  and  ^>(0  =  1  +  p^  +  Then 


»(=>)  =  7-^  /  i"(f) 

(V27r)3  jj^3 


and 


II^IIwi+«,2(ir3)  -  (^)  1^(01^ 

By  Schwartz’s  inequality  we  have 


Let  Bi  be  a  ball  centered  at  the  origin  with  radius  =  1  and  =  {^  |  |^|  >  1,  |^3j  >  ar}  and 
=  {n  kl  >  1,1^3!  <  with  some  a  >  1.  Then  we  have 


/  77^  dx  <C 

Jb,  ^(0^ 


and 


/  ^d^<C  f  \dp<C. 

Jq,  W  Ji 

For  £  €  5i,  ^2  >  ^4  ^  ^2^2  +  ^2(r+e)  >  ^(^4  +  ^2^2  +  ^26^2  +  ^2(1+9))^  then 


/OO 

r-^-®  dr  <  C. 


r  dr 


/l  +  a-! 
rOO 


This  completes  the  proof. 
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Theorem  3.5.  is  imbedded  in  C°(ZYij). 

Proof.  Let  W,j  =  x  and  assume  without  losing  generality  that  Is-.  =  I  =  (0,1).  By 
Fubini’s  Theorem  u  6  for  almost  every  X3  6  I.  According  to  the  extension  theorem  of 

[3]  we  can  extend  u  to  a  function  in  (IR^ )  with  compact  support  Q  C  IR^ ,  and 

(3-22)  II^IIh^^^(IR2)  =  II“IIh^^^,(Q)  - 

which  implies  the  extended  function  denoted  by  u  again  belongs  to  (IR^  x  I)  with  preserving  the 
norm.  Using  the  technique  of  “finite-order  reflection”  (see  e.g.  [16,36])  we  can  extend  the  function 
u  to  IR^  X  (-1, 1),  then  extend  it  to  IR^  X  /*,  I*  =  (-1,2)  in  the  same  way  with  preserving  the 
norm.  Set  v{x)  =  (p(x3)u{x)  with  if{x3)  being  a  C7°°-function  such  that  <fi{x3)  =  1  for  xa  €  /  and 
(^(xa)  =  0  for  xa  ^  I*-  Then  v(x)  6  H^’^(IR^)  with  support  contained  in  Q  x  I*,  and  by  (3.22) 

P$j 

By  Theorem  3.1  v  €  H^+*(Q  X  7* )  with  0  =  1  -  j3ij  -  s,  £  >0  arbitrary,  which  implies  v  € 
Wi+e,2(lR^),  and 

II^^IIh^i+9,2(ir3)  <  C\\Av.Y(Uiiy 

Pij 

By  Lemma  3.5  v  €  C®(IR^),  and  (3.23)  holds.  Note  that  ^(x)  =  u{x)  for  x  6  Kij-  Then  the 
imbedding  follows  at  once.  ■ 

We  next  consider  the  imbedding  of  H^’^((!lm)  into  Q^{Om)-  To  this  end  we  shall  define  an 
extension  operator  which  continuously  maps  into  H|’^(]R®).  The  Stein  extension  may 

serve  this  purpose,  hence  we  follow  closely  the  notation  and  arguments  of  [43,  Chapter  6,  Section  3] 
in  three-dimensional  setting. 

Let  (^(xi, X2):  IR^  IR^  be  function  which  satisfies  the  Lipschitz  condition: 

|^(x)  —  ¥>(x*)|  <  Jl7|x  —  x*|,  for  x  =  (xi,X2)  €  IR^  and  x*  =  (x*,X2)  G  IR^, 

and  let  7)  =  {x  =  (x,  xa)  €  IR^,xa  >  <,^>(5)}  be  an  open  set  in  IR^  which  is  called  a  special  Lipschitz 
domain.  We  assume  that  ^>(0)  =  0.  For  x  ^  5,  we  let  S(x)  denote  the  distance  from  x  to  D,  and 
let  A(x)  be  the  regularized  distance  as  constructed  in  [43,  p.  171]  such  that 

(3.24)  C'i^(x)  <  A(x)  <  C2^(x),  for  X  =  JR.'^\D 

where  the  positive  constants  Ci  and  C2  depend  only  on  M,  and  A(x)  G  C°°{'^D)  satisfying 

(3.25)  |-D"A(x)|  <  B„|^(x)|^-I“l 
with  Ba  independent  of  x. 
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For  any  xq  G  ‘^D  and  a  real  number  K  >  m,  =  {a:  =  (x,X3)  :  X3  <  (p(xo),  |a;3  —  (^(so)|  > 
K\x  —  «o|}  denote  a  lower  cone  with  the  vertex  at  (xo,v?(®o))-  Then  r\  D  =  {(io?¥5(®o)}» 

and  for  a;  e  “-D 

(3.26)  S{x)  >  (1  +  K~‘^)~^^^{(pix)  -  X3). 

Hence  due  to  (3.24) 

ipix)  -  X3  <  (1  +  K-^)h{x)  <  ^{1  +  K-^)iA{x)  =  C3A(a;). 

(-'i 

According  to  [42]  Ci  =  \  and  Cs  =  5(1  +  /i'“^)K  Let  S*{x)  =  2CzA{x).  Then 

6*{x,x^)  >  2{(p{x)  -  xa) 

and 

(3.27)  ^*(®,a;3)  >  2|x3|,  if  <^(x)  =  0. 

Let  V’  he  a  smooth  function  defined  on  [l,oo)  which  satisfies 

/oo  poo 

tp{x)dX=l,  J  V»(A)A*'dA  =  0,  Jb  =  l,2,.... 

Let  f{x)  be  defined  on  D.  We  then  define  the  extension  Ef  by  Ef{x)  =  f{x),  x  £  D  and 

/OO 

f{x,X3  +  X6*{x))il}{X)dX,  X  ^  D. 

Let  x^  6  IR^,  and  suppose  that  (^(x®)  =  0.  Then  for  x  =  (i®,a:3)  €  ^3  <  0  and  due  to 

(3.24)  we  have  for  A  >  1 

(3.30)  *3  +  X6*{x)  >  3:3  +  ^*{x)  >  3:3  +  2|x3|  =  |a:3|, 

and  S{x)  =  dist(a:,^)  <  dist^a:,  (i®,(^(f°))^  =  (p(x^)  —  X3.  Then  we  have 

(3.31)  ^*(a;)  =  2C'3A(a:)  <  2^3(72%)  <  2C3C2(<^(x°)  -  X3)  <  2CiC2\x3\  =  o|x3| 

with  a  =  2C2C3.  Here  we  used  the  assumption  that  (p{x^)  =  0.  Letting  s  =  y  +  X6*{x)  and  using 
the  fact  that  |V’(A)|  <  ^  (see  [43,  p.  187])  we  have  for  x  =  (x°,a;3)  €  with  <p(x°)  =  0 

/■°°  A’ItI 

(3.32)  \Ef{x^,X3)\<  A  |/(i®,s)|r - ^ds 

Jxi+XS-^x)  (^  ^3) 

by  (3.30)  and  (3.31) 
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<  A* 


where  A*  =  aA.  This  estimate  is  an  important  property  of  the  extended  function  Ef{x),  which 
will  be  used  in  the  proof  of  Lemma  3.6  and  3.7. 

Let  e(0,l),0  <  ^  <  2  be  the  space  of  functions  with  the  norm 


ll«ll 


0<\a\<e 


when  the  weight  function  is  given  as  before 


for  |a|  =  i, 
for  |aj  <  £, 


with  p(x)  =  (E?=ikin"- 

Lemma  3,6.  E  is  bounded  map:  for  0  <  i  <  2. 

Proof.  Let  us  fix  and  assume  that  <fi{xo)  =  0.  For  x  =  (f'’, *3)  € 


p{x^,X3)  =  +  |a:3p  <  |x°p  +  5^  =  pix°,s)  for  s  >  |a;3l,  and 

TOO  j 

\p^^{x^,X3)Ef{x°,X3)\<  A*\x3\  / 

J\x,\  5 


Therefore 


(3.33) 


/°  /  f°°  d<t\  2 

p^^^{x°,X3)\Ef{x°,X3)\‘^  dX3  <  A*^  (  p'^'^^{xo,s)f{x'^,s)-^j\X3fdX3 

-00  J-00^J\X3\  ^  ^ 


00 

00  ,  rOO 


=  A*'^  f  (f  p^^^{xo,s)f(xo,s)^')\x3\‘^  dX3. 

Jo  Viral  ^  ^ 

Now  we  quote  the  Hardy’s  inequality  from  [43,  p.  272] 

(3.34)  Q°°(jf°°F(5)d5)  V-^  d?j  ”  <  \sF(s)\Ps'^-'^  dsY . 

Letting  F{s)  =  p^^{x^,s)f{x^,s)/s‘^,  p  =  2,  7  =  3,  and  applying  (3.34)  to  the  righthand  side  of 
(3.33)  we  get 

r°° /  cUl'-rO 


(3.35) 


POO 

<  .4*^  /  p^^i(z®,s)|/(x®,s)P  ds. 

Jo 


If  ip(x^)  7^  0  by  a  simple  translation  in  2:3  we  get 

r<fi(x°) 


/ifilx  )  too 

p^>^^{x^,X3)\Ef{Xo,X3)\^  dX3  <  A*^  /  p^'^^{xo,s)\f{xo,s)\‘^  ds 

-00  Jifi(x°) 
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which  implies 


/oo  roo 

p'^^^{x°,X3)\Ef{xo,X3)\‘^  dX3  <  A*^  /  p^>^^{xo,s)\f(xo,sf  ds. 

-oo  J(p(x^) 

Integrating  both  sides  over  €  IR^  gives 

||p^>£;/(a;)||i,.(H3)<C||/V(a;)||w) 

which  is  the  desired  result  for  £  =  0. 

Now  we  turn  to  the  case  £  =  2.  It  has  been  shown  in  [43]  that  is  a  bounded  map;  H^(£>) 
H^(IR^).  It  remains  to  estimate  the  second  derivative  of  Ef{x).  Differentiating  Ef{x)  for  x  G  ‘^D 
gives  us 

d^Ef{x) 


(3.38) 


p-/  \  rOO  roo 

J  +  A(5*(x))V>(a;)dA  + +  X6*{x))Xtl^{X)dX 

/OO 

f,2{x,X3  +  X6*{x))X'^^|^iX)dX 

/OO 

fx,{x,X3  +  X6*ix))Xi;(X)dX. 


Let  x^  e  IR^  be  fixed  and  (p{x^)  =  0.  Using  the  facts  that  |t^(A)|  <  ^  for  A  >  1,  and 

handling  the  first  three  terms  of  (3.38)  in  the  same  way  for  E  f{x)  before  we  have  for  ai  +  0:3  =  2 


Uroo  roo 

'  /,»i,«3(®",;r3  +  Ar(a;))A“3V’(A)dA  <  A|a;3|  /  |/.»i.“3(5°,s)| 

1  *'|a^3| 


ds 


For  the  fourth  term  of  (3.38),  using  the  orthogonality  given  in  (3.28)  and  the  techniques  of  [43]  we 
have  the  estimate 

i  foo  roo 

\  fx3{x'^,X3  + xS{x))Xil}{X)dX  <  A\x3f  |/^2(x“,s)-^. 


Due  to  (3.25)  and  (3.26)  we  have  |^*2(a;)|  <  ^12:31”^,  which  implies  that 


d^Efix) 


dxf 


rOO 

<C|«3| 

01  +  03=2  •'1^31 


ds 


Then  arguing  as  for  (3.35)-(3.37)  we  obtain 


dx^ 


<  C'||p^*Z?V||l2(d)- 


IL3(IR3) 

Carrying  out  the  arguments  above  for  general  terms  D°‘Ef{x)  with  |a|  =  2  completes  the  proof 
for  £  =  2.  The  theorem  for  £  =  1  can  be  proved  in  similar  way.  Thus  the  desired  extension  is 
established.  ■ 
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Now  we  consider  another  weighted  Sobolev  space  over  D,  Q  <  I  <  2^  Pi  G  (0,  |) 

and  P2  ^  (0, 1),  with  the  norm 


^  0<|al<r 


where 


*?;*(*)  =  •! 


(  (sin  ,  for  ai  +  02  =  (■ 

for  ai  +  02  <  i  <  |q:| 
1  for  |a|  <  £ 


with  p  —  p{x)  =  (Si=i  a;f)2  and  sinp  =  sin(^(x)  =  {xl  +  x\)^  J p. 

Lemma  3.7.  Assume  that  p(x)  <  co  <  f •  Then  is  a  bounded  map 

for0<£<2. 

Proof.  Let  x°  £  IR^  be  fixed  and  (p(x^)  =  0.  li  Pi  >  P2,  then  for  a  >  |x3|  we  have  for  x  = 
(x°,X3)  € 

(3.39)  p^^(x){sm<p(x))^^  =  p^'^~^^{x)\x^\^^  < 

Therefore  we  have  by  (3.32) 

„  fOO  J_ 

\p^^ix){sm(l>{x)f^Ef(x)\  <  A*\xs\\x^f^  /  pl^^-l^^{x\s)\fix\s)\-j 

^\X3\ 

Applying  the  Hardy’s  inequality  (3.34)  and  arguing  as  before  we  get 

/O  7*00 

p^^^(sm(t>f^^Ef{x^,X3)\^  dx3<C  p‘^^<^^->^^\x\s)\xo\‘^>^^\f(x\s)\Us 

-oo  Jo 

=  C  f  p‘^^^(x°,s){sm<p{x^,s)Y'^^\f{x°,s)f  ds. 

Jo 

H  Pi  <  P2,  then  for  x  =  (x°,  X3)  G  ‘'D  we  get 

pf^^ix){sm4>ix)f^\Ef{x)\  =  p>^^->^^{x)\xmEfix)\  <  \xsf^->^^\xY^\Ef{x)\ 

<C\x2f^-^^+'^\xY-  [  i/(xo,a)|^. 

J\^3\  ^ 

Applying  the  Hardy’s  inequality  (3.38)  and  arguing  as  before  we  have 

roo 

=  C|x“|’*  / 


roo 

-^L 

tOO 

<C  p^^i(x°,a)(sin(/>(xo,s))^^^l/(x“,a)pds. 
Jo 
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Here  we  used  the  assumption  that  <^(a:)  <  cto  <  f  for  x  €  jD.  Arguing  as  for  (3.37)  we  get  for 

^(x«)  +  0 

poo 

/)^'^i(sin(^)^^2lE/(x®,X3)pdx3  <  C  /  p^^i(sin<^)^^^|/(x°,s)|  ds. 

J  ip{x°) 

Then  integrating  both  sides  above  over  G  IR^  gives  the  theorem  for  ^  =  0. 

The  argument  used  above  for  the  second  derivatives  of  Ef(x)  in  the  proof  of  Lemma  3.6  can 
be  carried  out  here  for  £  =  1,2.  Hence  the  lemma  is  completed.  ■ 

Let  us  remark  the  assumption  that  (f)(x)  <  o-q  <  f .  First  of  all,  the  assumption  holds  in  most 
practical  application.  Secondly  we  can  drop  this  assumption  by  modifying  the  weight  function 


^a,e  _  j  (x)  foT  X  e  D  with  <f){x)  <  CTo  <  f 

\  1  for  4>{x)  >  (To- 

Then  all  arguments  in  the  proof  of  Lemma  3.7  can  be  carried  out,  and  it  wiU  be  sufficient  for  the 
imbedding  of  H^’^((9m)  into  C°((5m). 

It  is  worth  indicating  that  the  extension  operator  E  defined  in  (3.29)  is  a  bounded  map  from 
H^’/(L>)  to  h5;^(IR^),  and  from  hJ;^_^^(D)  to  H;^’/^^^(1R^)  for  any  A;  >  ^  >  0.  But  we  wiU  not 
elaborate  it  further  here  because  it  does  not  serve  our  goal  of  establishing  desired  imbeddings  of 
hJ’^(0„.)  into  C^-^Om),i>2. 

We  now  consider  an  infinite  polyhedron  O  which  coincides  with  polyhedral  domain  ft  in  a 
neighbourhood  Om  of  the  vertex  Am-  We  assume  that  Am  is  the  origin  and  one  edge  Ajj  of  Om  is 
on  the  positive  X3-axis.  Let  V<Tij-,oo  —  X  ]R  and  Ooo  ^  0  \  Both  ^(7ij  ,oo  ^ud 

Ooo  are  the  special  Lipschitz  domains. 

Lemma  3.8.  There  is  a  bounded  map  £':H^’^(Om)  (®^^)- 

Proof.  Let  {£j}^i  be  an  open  covering  of  Om,  and  let  be  a  partition  of  unity  subordinate 

to  this  covering.  Each  function  «,•  =  <^j«  €  H^’_^(C:ioo)  with  compact  support  contained  in  Om- 
Applying  Lemma  3.6  to  «,•  we  get  an  extension  Eui  £  H^’^(IR^)  with  preserving  the  norm.  Set 
Eu  =  Euj.  Then  Eu  £  H|’^(1R^),  and 


||Eu||h2,2  (ir3)  <  (d„ 


Since  Eu{x)  =  u{x)  for  x  £  Om,  we  complete  the  proof.  ■ 

Lemma  3.9.  There  is  a  bounded  map  E:  ,,  iVm,ij)  ,,  (IR^). 

Proof.  The  proof  is  the  same  as  that  of  the  previous  lemma,  except  that  Lemma  3.7  is  used 
instead  of  Lemma  3.6. 

We  now  are  ready  to  establish  the  imbedding  results  of  H^’^(C>m)  into  C°(Om)- 
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Theorem  3.6.  For  €  (0,  |),  is  imbedded  into  C^(Om)- 

Proof.  By  Lemma  3.6  we  extend  u  to  IR^  preserving  the  weighted  Sobolev  norm.  Let  (p(p)  be  a 
-function  such  that  (p  =  1  for  p  <  po/2  and  (p  =  0  for  p  >  po  with  po  >  2Sm-  Set  v  =  <p{p)u 
and  /  =  An.  Then  v  and  /  have  a  compact  support  Bp^  =  {a;  |  |a;|  <  po}-  Define 

Using  the  fact  that  <  |  we  get  by  Schwartz’s  inequality 

|F(x)|  <  -i!/)  ’ 

We  obviously  have  AF  —  f  =  An,  and  it  is  easily  seen  that  V{x)  — 0  as  |a;|  ->  oo.  Because  n(a;) 
has  compact  support,  the  standard  uniqueness  argument  gives  us  that  F  =  n.  Therefore 

ll'y|lco(a„)  <  C'll^‘llH2.2(a,„)- 

Since  n(a;)  =  u(a;)  for  x  G  the  theorem  is  proved.  ■ 

Corollary  3.6.  is  imbedded  into  C^~‘^{Om)  for  k  >  £  >  2. 

Theorem  3.7.  with  (5^  €  (0,  \)  and  /3ij  €  (0, 1)  is  imbedded  into  C°(Vm,ij)- 

Proof.  The  proof  is  the  same  as  that  for  the  previous  theorem  except  that  the  estimate 

\V{x)\<(l  (  I  p~^^’"(sin  dy\ 

is  used.  Here  we  used  the  fact  that  /?„  €  (0,  |)  and  fiij  €  (0, 1).  ■ 

Corollary  3.7.  Hjf  .  j)  is  imbedded  into  C^  ^(Vm,ij)  for  k  >  £  >  2. 

Combining  Theorem  3.5-3. 7  and  Corollary  3.5-3. 7  we  have 

Theorem  3.8.  Let  (3^  6  (0,  |)  for  m  £  M  and  I3ij  6  (0, 1)  for  ij  €  C.  Then  is  imbedded 

into  C°(0).  ■ 

Corollary  3.8.  is  imbedded  into  C^~^(Q)  for  k  >  £  >  2,  /5m  6  (0,  |),  m  £  M  and 

/3ij  £(0,1),  ij  ££. 

4.  WEIGHTED  SOBOLEV  SPACES  AND  COUNTABLE  NORMED  SPACES  IN 
CYLINDRICAL  AND  SPHERICAL  COORDINATES 
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The  weighted  Sobolev  spaces  and  countably  normed  spaces  in  Cartesian  coordinates  are  defined 
in  Section  2  which  are  of  great  significance  to  the  theory  of  regularities  of  solutions  of  elliptic 
problem  on  polyhedral  domain  and  to  the  applications  of  numerical  analysis  (see  [8,9,21]).  Due  to 
the  natures  of  singularity  in  various  neighbourhoods  of  edges  and  vertices  it  would  be  much  easier 
for  investigation  if  we  use  these  spaces  in  cylindrical  coordinates  on  neighbourhoods  of  edges  and 
in  spherical  coordinates  on  neighbourhoods  of  vertices.  Hence  the  relations  between  these  spaces 
in  Cartesian  coordinates  and  in  cylindrical  and  spherical  coordinates  are  extremely  important. 

The  weighted  Sobolev  spaces  and  countably  normed  spaces  in  cylindrical  and  spherical  coordi¬ 
nates  will  be  defined  in  this  section  and  the  relations  between  these  spaces  and  those  in  Cartesian 
coordinates  will  be  the  focal  points. 


4.1*  Weighted  Sobolev  Spaces  And  Countably  Normed  Spaces  Over  Neighbourhoods 
Of  Edges  In  Cylindrical  Coordinates 

Let  Ui2  denote  a  neighbourhood  of  the  edge  A^j  as  in  previous  sections,  namely,  A^j  =  {x  = 
(0,0,  X3)  I  a  +  <  Zz  <  b  —  lies  on  the  xa-axis.  x  =  (xi,X2,X3)  and  x  =  {r,6,xz)  are 

the  Cartesian  and  cylindrical  coordinates  for  x  6  Hij  with  respect  to  the  edge  A,j.  We  write 
'D°‘u  =  gc.2x“^  and 

|a|=*: 

where  a  —  (aijOaitts))  ct'  =  (Q!i»ct2)  and  |a'|  =  ai  +  az,  |q;1  =  |q:'1  +  03- 

By  with  /3jj  €  (0, 1)  and  integer  £  >  0  we  denote  the  same  weight  function  defined  in 

Section  2.  Then  the  weighted  Sobolev  space  with  integers  A:  >  ^  is  defined  as 


=  E  l!< 


lL2(W,y) 


<  00  I 


and  the  countably  normed  space  f  >  0  is  introduced  as 

Bp..(Uij)  =  {u  I  u  €  and  <  Cd^al  for  any  k>£,}. 

Theorem  4.1.  For  0  <  £  <2  and  k  >  £,  is  equivalent  to  Moreover,  if  for  a 

with  \&\  <  k 


<  Cd-al, 


then  for  |a|  =  k 


(4.2) 

vice  versa,  (4.1)  stands  for  |d|  =  k  if  (4.2)  holds  for  |a|  <  k. 

Proof.  For  the  proof  is  analogous  to  those  in  two  dimensions,  we  refer  the  reader  to  [4]. 
As  a  consequence  of  (4.1)  and  (4.2)  we  have 
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Corollary  4.1.  For0<£<2,  ,  {Uij)  are  B^..  {Uij)  are  equivalent.  ■ 

Remark  4.1.  For  any  >  ^  >  0,  it  is  always  true  that  C  and  B0..{Uij)  C 


4,2.  Weighted  Sobolev  Spaces  And  Countably  Normed  Spaces  Over  Neighbourhoods 
Of  Vertex-edges  In  Spherical  Coordinates 

Let  Vm,ij  be  a  neighbourhood  of  the  vertex  Am  and  edge  Ajj,  and  we  assume  as  usual  that 
Am  is  at  the  origin  and  Aij  lies  on  the  positive  xs-axis.  x  =  (a;i,X2,X3)  and  x  =  {(j>,6,p)  denote 
the  Cartesian  and  spherical  coordinate  of  x  G  Vm,ij  with  respect  to  Am  and  Aij.  We  write 
2?“^  =  and 

\a\=k 

where  a  =  (oi,02?<^3)  and  a'  =  (01,02)  are  the  same  as  before. 

The  weight  function  with  Bm,ij  =  €  (0,  and  Bij  £  (0)1)>  is  defined 

by  (2.2).  Then  the  weighted  Sobolev  space  with  integer  k  >  £  and  the  countably 

normed  space  Bp^  with  f  >  0  are  introduced  as 


and 

=  {«  1  u  e  Hp’^  ..{Vm,ij)  for  any  k  >  £,  and  '(sin  <  Cd^d!}. 

The  following  lemmas  are  essential  to  establishing  desired  imbedding  theorems. 


Lemma  4.1.  Let  Va,6  —  S^xli  with  =  {{<!>■,  ^)  |  oo  <  </>  <  o,  0  <  ^  <  w)  and  Is  —  (0,^).  Then 
for  oo  >  0  and  /3m  G  (0,  |) 


(4.3) 


\\P 


II  Vff 


|a|=l 


and  for  £  =  0,1 

provided  the  right  hand  sides  are  finite. 

Proof.  Let 

n(/>)=|^^  u{(l>,0,p)ds. 
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It  is  easily  seen  that 


,2(/9m+l) 


dp  <C  f  dx  = 

Jv„, 


Noting  that  0  <  /3m  <  I,  we  have  by  Lemma  A.l  of  [4] 


,cf 


^  P!  f!?  _ _ 


<  C'||p^”‘Mp1Il2(v„  4)- 

where  a  =  m(1),  and  by  the  imbedding  theorem  of  the  Sobolev  space(see[l]) 


lap  <  C 


/I  du  2 

/jVidp 


dp  <  c(||“p||L2(v^,AV<r,«/2)  +  ll“l 


which  leads  to 


^  p'^^”'\u\^dp  <  C(||/'"Up|||,2(v.,,)  +  ll“lli2(v<,,.AV<,,^/2)) 


^w||l2(v.,,,)  <  C'((||p^’"UpI|l2(v<.,«)  +  ll“lk2(v<,,,Av<r,«/2))- 


Further  for  almost  every  p  we  get 


u{(t),  9,  p)  -  u{p)  =  -r^  /  (w(</>,  9,  p)  -  ti(^,  9,  p))  sin  ^  #  d9 

P<r|  Js„ 

^\^\L  {/  Je 


Further  we  have 


/  1/  ^  {j  \^(^^^^P)\d^^  sin  ^d^d9 


and  by  Schwartz’s  inequality 


Jslj- 


^\du  -  |2 

\—<t>{<l>,9,p)\  sin 


/  U(j>  sin 

nr^ 

s<, '  sin  <f> 


sin  ^  d^  d9 


i>\  sin  ^d^d9. 
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Note  that 


f  I  /  — ^  ^  sin  ^  dO 

JsJJi  smd) 


Substituting  (4.8)  into  (4.7)  we  obtain 


r<7 

<  Cl  I  I  In  0  -  In  (^1 2  sin  0 

J<To 

<Ci{\ln4>\  +  C2)^. 


(4.9)  J  |y_  |^(0,(?,p)d0  sin0#d0  <  Cidln^l +  C2)2  sin0rf0)^ 


The  combination  of  (4.6)  and  (4.9)  leads  to 


sin  ^d^jdS^ 


(4.10) 


0  '•  V<To 


(Cl  I  In  01  +  (72 )  sin  0  d4>) 


(/  sin0d0)  d6>} 


f  /  du  du  ^ 

*5  V  ^  ^ 


Therefore 


(4.11)  «)lll2(v.,,)  ^ 

Combining  (4.5)  and  (4.11)  we  obtain  (4.3). 

Since  =  \D^u^  we  get  (4.4)  for  f  =  0  from  (4.3).  Setting  v  =  D°‘u  with  |a|  =  1,  and 

applying  (4.3)  to  v  we  obtain  (4.4)  for  ^  =  1.  ■ 

Lemma  4.2.  Let  V^,s  =  x  Is  be  the  same  as  that  in  Lemma  4.2  with  ao  =  0,  and  let  Pm,ij  = 
{IIm,Pij)  with  13m  €  (0,|)  and  Pij  €  (0,1). 

(i)  IfueH^i  ./V.,,),  then 


(4.12) 


IIp^-  nsin0)^‘J  ^«I1l2(v„.,)  <C'|1u||hi.i  .,(v.,,)  =  .,(v..<)' 


(ii)  IfueKl’l(V,,s),then 


(4.13) 


\\pP-  2(sin0)^-i  ^(n-M(0,0,a;3))||i,2(v,^)  <  Ci|ullH2,2 


(Hi)  If  u  e  ,.j.(V<t,5)  with  I  >2,  and  if  D°‘u  vanishes  along  the  edge  Aij  for  all  a  with 
0  <  |a|  <  ^  -  2,  then 


(4.14) 


||p^--^(sin0)^--^u|!i,.(v.)  <  Cllu||„.. 


m,tj 
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Proof.  By  Lemma  A. 2  of  [4]  we  have  for  almost  every  p  €  Is 

(4.15)  /  (sin  \u\^  <  cl  f  dS  +  / 

J  Sff  J  Str  Sin  (p  JSfr\S^^2 

where  C  is  a  constant  independent  of  p.  Multiplying  (4.15)  with  and  integrating  over  p,  we 
get 

||p^”*"^(sin<^)^‘^-^«||i,2(V,.,) 

l«ll=i 

Applying  Lemma  4.1  with  ao  =  cr/2  we  get 

!|p'’’""^m||l2(V<.,AV./2,«)  ^  +  ll“lll-''(V.,AV./2,AV<r/2.«/2)} 

l“l=l 

^  CW'^WhY  ..(v.,,A 

,  I J 

which  together  with  (4.16)  leads  to  (4.12) 

Furthermore,  by  the  arguments  of  Lemma  A.l  and  A.2  of  [4]  it  can  be  shown  that  for  almost 
every  p  £  Is 

f  {sin  \u  —  a\^  ds  <  C  /  (sin0)^^^''“^^  H - \ — ds 

Js^  Js,  ^  sin^  <t)  / 

where  a  =  m(0,  p)  =  u(0, 0,a;3).  This  implies  that 

f  ^^2(Pi,-2)|y  _  ^j2  ^  ^  f  ^2(Pn.-2)^gjj^  i^^2(P,j-l) /|y^|2  _j_  _^_^|y^|2'\ 

Jv„,s  Jv,,s  ^  sm  <p  ^ 

<C  f  p^^^”'~'^\sm(f>f^^'^~'^^D^u\'^  dx. 

JV^.<r 

Applying  (4.12)  to  £)"u  with  |a|  =  1  we  obtain  (4.13)  immediately. 

Now  let  u  €  ..  ( Vm.ij)  with  £>2  such  that  jD“u(0,  0,  X3)  =  0  for  X3  €  Is  and  lol  <  /  -  2. 

Then  the  arguments  above  can  be  carried  out  for  f  >  2,  namely 

/  (sin<^)^^^'^'“^^|«P  ds  <  C  /  (sin<^)^^^'j'‘*'^“^^("|u^P  H - \ — |ue|^')  ds 

Js,  Js^  ^  sin  (f>  I 


JV(r,S 

<cf  p'^^^”‘~^\sin4>)^^^'’~^^D^~^u\‘^  dx 

Jv„,i 

<  C(||p^”‘(sin<^)^‘'\D^u||^2(v„  ..)  +  lP^"^M||L2(v„.i,)) 


which  yields  the  desired  result  (4.14). 


Lemma  4.3.  Let  Va,6  =  x  Is  as  before  with  ctq  >  0.  Then  for  Pm  €  (0,  j) 
(4.16) 


(4.17) 


a=]im  j^f  U4,{(t>,e,p)dS 
p-^o  Pal  Js„ 


provided  the  right  hand  side  of  (4.16)  is  finite. 


Proof.  Let  v  =  and 


«(/>)=  7^/  v{<j),$,p)dS. 

P<tI  Js„ 


finu^icl  |1 

Jcr  JVn^.iPP 


dp<  f 
Jv. 


M0  dx, 


1  |2 


p^P'"\-u^p\  dx. 


Therefore  v  €  H^’J^(/5)  C  C^(Is)  due  to  Lemma  4.1  of  [5].  Letting  a  —  'y(O)  = 
limp_^o  Js  P>p)  dS,  we  have  by  Lemma  A.l  of  [4] 


f  p20m  '^\v  —  a\^dp<C  /  p^ 

Jo  Jo 


Here  we  used  the  fact  that  Pm  G  (0,  4).  This  implies 


(4.18) 


IIp^’"  ^(u  -  a)||L2(v^  jj)  <  ^Up||l2(v^^) 


Arguing  as  in  the  proof  of  Lemma  4.1  we  have 


(4.19) 


||p^”*-2(u-u)|k.(v..,)<C  ^  ||p^’"-'(sin^)^--'+“'D‘^'t;||i,.(v,.,) 

la' 1=1 


The  proof  of  (4.19)  is  the  same  as  that  given  for  (4.11)  of  Lemma  4.1  except  that  the  inequalities 

j  \J.  ^{^J-,p)d0  sin^d^dO  <c(^j  ^{^,6,p)  sin^d^dOy , 


/  \  f. 

Js^'J^  89  ' 

(sin  I  ^(<^,  ^,/))|  sin  ^  ^  (/;  sin  ^  d^  d9 

<  C ((sin  <f>)~'^^'’  +  Cl)  ^  r  /  (sin  I  ^(^,  9,  p)  I  sin  ^  d9'\  ^ 

^Jao  'd<i>  I  ' 


and 


I  |v-n|^ds<c|/  {sm<f>f^^‘>  ^(<^,0,/!>)|  dS 

*'5o-  *'5<t 

+  /  ((sin^S-)"^^'^  -l-ci)sin<^#  /  (sin<^)^^‘»  |^(<?^,^,/))  dsj 

«/  (Tq  »' 5<7  T 

<C  Y,  [ 

I  _  »  t  I  V  S/T 


|a'|=l 


are  used  instead  of  (4.6),  (4.7)  and  (4.10)  respectively.  The  combination  of  (4.18)  and  (4.19)  yields 
(4.16).  ■ 

Lemma  4.4.  Let  Va^s  =  S„  y-  Is  before  with  (Tq  =  0.  Then  for  j3m  €  (0,  j)  and  /Jjj  €  (0, 1) 
llp^^-^^sin -  o)||l2(v,,«) 


(4.20) 

|a'|=l 

where  a  is  given  by  (4.17),  and 


(4.21)  IIp^”*  ^(sini^)^”*  ^tie||L2(v.,,«)  <  C*  Y  ^(sin<A)'^’^'^"'  ^2?"  U0||l2(v<,,4)- 

|c»'|=l 

Proof.  By  Lemma  A.2  of  [4]  we  have 

(4-22) 

I  {sin  \u^  -  a\^  dS  <  C  I  {sin  (\u^^\  + -r^Wesf')  dS  +  /  \u^-a\^dS 

Js„  Js,  ^  sm  <j)  /  JsAS./i 

with  a  indicated  above.  Multiplying  (4.22)  with  p2/?m-2  integrating  over  p  we  get 


(4.23) 


By  Lemma  4.3 


|a'|=l 

+  /  -  a|^  dxj. 

Jv<r.i 


(4.24)  +  •£  ||/--2(sii,4>)0'<+‘--‘P“'u*||i.,v.,,,}. 


|a'|=l 
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Combining  (4.23)  and  (4.24)  we  get  (4.20). 

Analogously,  by  the  arguments  of  Lemma  A.2  of  [4]  we  have 

/  {sm  dS  <C  [  (sini?^)^^^'^~^^(|u^e|^  +  .  \  ,  dS 

Js„  Js„  ^  sin  <p  / 

which  completes  the  proof  of  (4.21),  and  hence  the  lemma.  ■ 

Theorem  4.2.  It  u  ^  Jlp’^  0<i<2,  k>£,  l3  =  (/3m,(3ij)  with  /3m  €  (O^j) 

I3ij  G  (0, 1),  then  u  G  and  for  any  a  with  |d|  <  k 


(4.25) 


moreover,  if  for  a  with  |q:|  <  /? 

(4.26) 


<  Cd-aU 


then  for  |a|  =  k 


(4.27) 


..p-l“'l(sin^)-“^P“«||i,.(v„,,)  <  Cd^al. 


Proof.  Let  us  note  that 


(4.28) 


Up  =  Ux^  sin  cos  0  +  Ux2  sin  ^  sin  0  +  cos 
=  Uxi  cos  (/>  cos  0  +  Ux2  cos  ^  sin  0  —  sin 
sin  6  +  cos  0 


which  implies  that  \D^v\^  =  \V^u\^, 


(4.29) 


(4.20) 


For  higher-order  derivatives  we  will  prove  (4.25)  and  (4.27)  for  a  =  (fc,0,0),  a  =  (0,A;,0)  and 
a  =  (0, 0,  k)  with  k>  I,  The  general  term  V°^u  can  be  treated  in  a  similar  way. 


Note  that 


(4.31) 


=  E 

|a|=/: 


ai!  02!  <^3! 


L)"u(sin  (/>  cos  0)"'  (sin  </>  sin  0)°“^  (cos  0y 


which  implies  that  for  /:  >  ^  =  0 


||p*+^’"(sin<A)^‘^  VIIl2(v,„,o)  <  S 

(4.32)  ^  * 

<C(h)  5;  |K,„B“«IIl>(v.,„). 

|or|=fc 
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Then  (4.25)  for  d  =  (0,0,  fc)  stands.  If  (4.26)  holds  for  £  =  0,  then 


ai !  a2!  <^3! 


=  C4k\ 


with  ds  =  3max(di,d25d3),  which  is  (4.27)  for  £  =  0  and  d  =  (0,0, fc). 
For  k>£>l  and  Pij  6  (0, 1),  we  get  from  (4.31) 

..  I.  />  t  a  ...  ^  -v  k\  ,,  1^1 _ ffi  o  /  ,  I  -v  l/vM  - 


11/  ^  H 


ai!  a2!  ^3! 


<c{k)  Yi 

\a\^k 

which  together  with  (4.32)  implies  (4.25)  for  1  ^  ^  ^  2  and  a  =  (0,0,  fc).  Similarly  (4.27)  can  be 
proven  for  a  =  (0,0,  A;)  with  A:  >  ^  if  (4.25)  holds. for  ^  =  1,2. 

Next  we  consider  u^k ,  A:  >  ^.  Arguing  as  in  [4]  we  have 


(4.33) 


=  ^(psincA)"^  Y, 


(sin(9)”ncos^)”"w^n-i^i 


j=0  ni’^n2  =  n 

Til  ,712  >0 


(4.34) 


=  E  E 


I  <  4''  — 

nn,j,ni,7i2l  -  ^ 


j=0  7li+7l2  =  n 
ni  ,712  >0 


Then  it  follows  from  (4.33)  that 

-^(sin<A)^‘^  Ik2(  v,„  ,i,' ) 


(4.35) 


n=l  j=:0  711+712=71 
ni  ,712  ^0 


<c(t)  Y 


r<|o|<fc 

0(3=0 


Here  we  applied  (4.12)  of  Lemma  4.2  to  the  first  term  of  the  summation  if  ^  =  2,  namely, 
Hence  (4.25)  stands  for  d  =  (0,  k,  0)  and  £>Q.  Furthermore  (4.26)  and  (4.33)-(4.34)  lead  to 

||p^--ksin<A)^‘'-V||L^(V„„<y)  <  EE  E  \^nLun,\4~'4{n-jy-j'- 

71=1  J=0  711,712^0 

m  +712  =  71 


<  C4k\ 
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when  ^2  =  4max(di,  ^2,^3).  This  is  (4.27)  for  a  =  (0,  fc,0)  with  /;  >  £,  0  <  ^  <  2. 
Now  we  consider  ,  k  >  i.  To  this  end  we  have  to  derive  by  the  induction: 


(4.36)  =  aWj,„^,„3,„^(sin<^)"i(cos2<^)"^(sin0)"^(cos0)"‘'T>"'U, 

n—1  |Q'|=n  ni+n^—n 

7i3+n4  =  |af'| 

(4.37)  S  I“-Ui,n2.n3,n4l<5^^,  for  1  <  n  <  A:, 

|a|=n  ni+n2  =  n 

713  +  714  =  I 
Tlj  >0 


<5^-4,  for  1  <  n  <  A;, 
nl 


(4.38) 


Ui  >0  for  1  <  2  <  4,  ni  +  7^2  =  and  723  +  724  =  |a'|. 


Obviously,  (4.36)-(4.38)  holds  for  A;  —  1  due  to  (4.28).  Suppose  that  they  are  true  up  to  (A;  —  1), 


=  S  «L':ni\n2,n3,R4{(sin<A)"*(cos.^)"2(sin^)"^(cos^^^^ 

71  =  1  |a|  =  7Z  711+712  =  71 

7^3  +  ^^4  =  |aM 

Hi  >0 

• /^[cos^cos^jD^^Ujrj  +  COS  sin  sin  <^I)^ Uj;^] 

+  (sin0)^^(cos0)^^D"u[ni(sin^)^^'”^(cos^)”'2“^^  -  722(sin^)”'^“*‘^(cos0)’^2'"^]}. 
from  which  we  get  for  |a|  =  ti  =  A; 


(4.39) 


Jk)  ^  (k-1)  (k-1) 

“'ey, Til  ,712  ,713, 714  “a  — Ci  ,7li  ,712  — 1 ,713  ,714  — 1  ~  Of  — 62  ,71,712 —1 ,713 —1 ,7^4 


^Cy  — 63  ,7li  —1,712 


and  for  |a|  =  n  <  A: 


(4.40) 


AKJ  _ 

*'0,711  ,712  ,713  ,»l4  “'O-ei  , Til  ,712— 1,713,714— 1  '  0  —  62,711,712  —  1,713—1,714 

“o— ^3  .711  — l.Tlo  ,7l3,7l4  '  '  ■‘‘/^O.Tll +1,710- 


(fc  — 1)  _L.  ^  A 

~~  ^0-^3  ,711-1,712  ,713, 714  '  ' 

(^2  H"  f)^Q:, Til —1,712  +  1,713, 714 


(k-l) 

0,711  +  1,712-1,713  ,714 


where  a  —  ei  =  (oi  —  1,02,03),  o  ~  €2  =  (01,02  —  1,03)  and  o  -  63  =  (Q:i,o;2,Of3  —  1).  The  terms 
on  the  right  hand  sides  of  (4.39)  and  (4.40)  are  absent  if  any  of  their  sub-index  is  negative.  The 
assumption  of  induction  up  to  (A:  -  1)  and  (4.39)“(4.40)  imply  (4.38)  for  n  =  A:,  and 


a[^'>  =  <  3  •  5*'"^  <  s'' 
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and  for  n  < 


AW  <  +  2(n  + 


nl 

This  completes  the  induction  and  establises  (4.36)-(4.38). 

Now,  it  follows  directly  from  (4.36)  that  for  >  -£  and  0  <  ^  <  1. 


(4.41) 


SEE 

/  V  1  0,711  ,712  »^4 

/l=l  10-1  =  71 

711+712  =  71 

7l3  +  7l4  =  |o'| 

7li>0 

V 

SEE 

/  V  1*^0,711,712,713,714 

n=l  |o|=n 

711+712  =  71 
_ 1 _ 

If  ^  =  2,  we  have  for  those  a  in  (4.41)  with  |a|  =  n  =  1 

(4.42)  ||/">"^(sin<^)^-^-^i)“w||L2(v^,,.,.)  <  ||/”*■Hsin<^)^•»■^D“«||L2(v„.,(,•) 

by  (4.12)  of  Lemma  4.2 

<C||/-(sin</>)^-Z)i(Z)"«)||L2(v^,,). 

Hence  we  obtain  (4.41)  for  fc  >  ^  =  2,  which  leads  to  (4.25)  for  0  <  ^  <  2  and  a  =  (A;,  0,0)  with 
k>L 

If  (4.26)  holds  we  have  by  (4.37)  and  (4.41) 


Wp^”'  ^(sin^)^‘J+''  ^«.^.*||L2(v,„,i,)  <  EE  E  !^a,ni  ,n2,H3,n4  I  ^ 

n=l  |a|=zn  ni+n2=n 
n3+n4  =  |«'| 

TXj  >0 

fe  1 


<C'£{ld2yn\Ai^^  <Cd^2k\ 


where  ^2  =  5max(di,d2i<^3)-  Thus  (4.27)  holds  for  a  =  (A:, 0,0)  with  A;  >  ^,  0  <  £  <  2. 

Since  the  arguments  for  Upk ,  u^k  and  Ugk  with  k>  I  can  be  carried  out  for  general  terms  V^u 
with  |d|  <  k,  we  obtained  the  desired  results.  ■ 

From  (4.26)  and  (4.27)  of  Theorem  4.2  we  have  immediately 
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Corollary  4.2.  C  ..(Vm.ij)-  ■ 

Unlike  the  relation  between  and  with  0  <  £  <  2  the  converse  of  Theo- 

rem  4.2  does  not  hold.  There  is  a  concrete  example  which  will  give  us  a  hint  about  the  difference 
between  “Hpl  ..iVm,ij)  and  Consider  w  =  (p.  Obviously  w  €  but 

w^2  =  — /)“^(2sin^cos<^cos^  0  +  cot^sin^  6)  ^  for  any  ^rn,  G  (0?  !■)•  The  next  theo¬ 

rem  deals  with  the  diflFerence. 

Theorem  4.3.  If  u  e  hV  with  k  >  £  >  0  and  0  <  £  <  2,  0m  ^  (OA)  a.nd  A,  €  (0,1)  then 

-  Pm,ij  * 

(«  -  x{(f>))  €  Hjf  ..  (Vm.ij)  where  xi4>)  =  0  for  0  <  £  <  1  and  xi<i>)  =  a(f>for£=^2  with  a  given  by 


(4.43) 


a  =  lim  — 
p-j-o  \S, 


nl 

£Tij  \  J  Sir 


v-4>{4>A,P)dS, 


(4.44) 


Moreover,  if  for  any  |a|  <  A; 


(4.45) 


then  for  |q;|  =  k 


(4.46) 


<  C<i”o!. 


Proof.  We  shall  first  prove  by  the  induction  the  following: 


(4.47) 


(4.48) 


(4.49) 


71=1  jQ!|  =  n  7li  +  7l2;<?T' 


ni+n2  <n 

713  +  714  =  /: 
Tli  >0 


(sin  (cos  ^)"^(sin  0)^^  (cos  0)^^V‘^u 

p{k)  _  llC*)  I  <  jk^ 

I  60,711,7x2,713,714!  — 

|Q'|  =  71  7X1+7X2  =  71 

7X3  +  7l4  =  fc 
71,-  >0 

0  <  Tij  <  for  1  <  i  <  4,  ni  -|-  n2  <  fc,  na  714  =  A:. 


It  is  trivial  that 


«ii  =  Wp  sin  d>  cos  ^  -f  cos  <pcos0  -  sin  0 

=  Up  sin  ^  sin  0  4-  cos  sin  0  4-  we  cos  0 
Ux3  =  Up  cos  (p  —  sin  <p 
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Then  (4.47)-(4.49)  holds  for  fc  =  1.  Suppose  that  (4.47)-(4.49)  holds  up  to  (k  —  1).  Differentiating 
(4.47)  we  get  by  straightful  calculation  for  |q:|  = 


712,713, 714 


lKk-1)  _  ^  4-  ^  ^ 

*^0!  —  ei  ,711,712— 1,713,714—1  O' —  62  ,7li  ,712  ,713  “  1  ,^^4  ~  ^O;  —  63  ,711  —  1 ,712  ,713  ,7^4  ”  1 


and  for  |a|  <  k 


fjk)  _ 4- 

*'a,7li,?l2,7l3  ,714  ^a  — ei, Til  ,712— 1,713,714— 1  — 62,711,712,713— 1,714  ~  ^0  —  63  ,71i —1 ,712  ,713  ,714 —1 

(fc  —  1  ““  0^3 )^a, Til —2,712 ,713,714— 1  ^  ^{k  —  1  Oil  —  ^3 )^of,rii ,712—2,713 ,714—1 

,(fc-l)  _  J_  -n 

“I"  ^l^ar, 71 1,712 —2, 713,714—1  2 ^Of, Til  — 2,712,713,714— 1  •  3  a,7ii ,712,713,714—1 

-n 

^4  t'or, 7^,712,713 -2,714  41. 

where  a  —  i  =  1, 2, 3  are  the  same  with  those  in  the  proof  of  Theorem  4.2.  Obviously  (4.47)  and 
(4.49)  hold  due  to  the  hypothesis  of  induction  and 

+  [{k  -  t  -  as)  +  (fc  -  1  -  03  -  as)  +  (m  +  nj  +  ns  +  n4)]5^''-^^ 

o  i(^-  1)!  .  .k  lik-'^y-k  ^  ^kk'- 

<  3  •  7*'-^ ) - 4  +  4  •  i - 4—  <  r—. 

{n  —  1)!  n!  n! 

Hence  (4.48)  holds  for  k.  Thus  (4.47)-(4.49)  are  proved  by  the  induction. 

It  follows  from  (4.47)  that 


Up*  ^+^’"(sin9!»)  ■^^‘^(«-x)x{I1l2(v„,o) 

(4.60)  E 

71=1  I  a  1  =  71  71i+7l2<fc 
7l3  +  7l4  =  fc 
71,  >0 

For  ^  =  0, 1  (4.44)  foUows  from  (4.50)  immediately.  For  =  2  we  have  by  (4.12)  of  Lemma  4.2 

||p^”‘-4sin<^)^-^-inp||L2(v„.i^)  <  C'||n|l,^2.2  ^ 

Pm,ij  ’ 

and  by  (4.19)  of  Lemma  4.4 

l|p^"*-2(sin(^)^‘>-4«^  -  a)llL2)(v„i,)  <  C\\u\\^22  , 

Pm^ij  *  •' 

and  by  (4.20)  of  Lemma  4.4 


Pjn  ,ij 
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Substituting  those  above  into  (4.50)  we  obtain 


11/  2+/3„  (gjjj  x)xlhHV^.ii) 

k 


,„  +  E  E  ii*SE  ^>“(W-X)||L2(V„.i;)} 

n=2  |a|=n 


S  C\\u\\^k  2  (V„  ,..)• 

Pm,%j 


The  arguments  above  can  be  carried  out  for  general  term  D^'iu  -  x)  for  a  with  laj  <  k.  Hence  we 
get  the  desired  results  (4.44). 

Furthermore,  if  (4.45)  holds  for  |q!|  <  k,  we  get  for  k  >  £  from  (4.50) 


||/-'+«-(8in«‘-'+fe(«-x).!lll.-(V„„)<cE  E  E 


by  (4.48) 


71=1  |a|=n  ni+n2<k 

Hi  >0 


<cEsi.‘'(y<ii)' 

71=1 

71=1 

<  cd^kl 


where  di  =  7max{di, d24<f3}-  Thus  (4.46)  holds  for  a  =  (A:, 0,0)  with  k  >  i  and  0  <  ^  <  2.  For 
general  term  D^u  with  |a|  =  A;  >  f  (4.46)  can  be  treated  in  the  same  way.  The  proof  of  the 
theorem  is  completed.  ■ 

Due  to  (4.45)  and  (4.46)  we  immediately  obtain  the  following  corollary. 


Corollary  4.3.  If  u  G  (,.(^m,ii)  for  0  <  f  <  2,  then  (u  -  x)  € 
Summarizing  Theorem  4. 2-4. 3  and  Corollary  4. 2-4.3  we  have 


Theorem  4.4.  (i)  For  £  =  0,1  ..  (Vm,.j)  and  ..  {Vm,ij)  are  equivalent  and  the  same  are 

ij  ij 

^ij)  (resp.  (,  (^m,ti))  is  equivalent  to  the  quotient  space  \  'P 

(resp.  Bp^  ..  {Vm,ij)  \'P))  where  V  =  {a<f>,  a  €  IR^}. 


4.3.  Weighted  Sobolev  Space  And  Countably  Normed  Spaces  Over  Inner-neighbourhood 
Of  Vertices  In  Spherical  Coordinates. 

Let  Om  be  an  inner  neighbourhood  of  the  vertex  Am,  and  we  assume  that  Am  is  at  the  origin 
and  one  of  the  edge  Ajj  connecting  Am  is  on  the  positive  aia-axis.  x  =  (xi,X2>®3)  and  x  =  {(f>,6,p) 
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denote  the  extension  and  spherical  coordinates  of  a:  G  Om*  There  is  a  (Jq  >  0  such  that  </>(x)  >  ctq 
for  X  e  Om-  Let  V^u  =  with  a  and  o'  being  the  same  as  before. 

Using  the  weight  function  ^^^(x)  given  by  (2.3)  we  define  for  /3m  ^  (0,  j)  and  integers  k  and 
k  >  £  >  0 


Kt 


(Om)  =  {« 


=  Ei 

|a|<A; 


-\a*\qyo 


|2 

lL2(a„ 


<  OO  I 


and 

B^iOm)  =  {u\ue  (0„)  for  aU  k  >  £,  <  Cd-a\} 

Theorem  4.5.  If  u  £  0  <  ^  <  2,  >  £,  /9m  €  (0,  |),  then  u  6  'H^i3^{Om),  and  for  a 

with  |a|  <  A; 


(4.51)  <  C|l“lla‘/  lo.y 

Moreover,  for  a  with  |a|  =  A; 

(4.52)  ll»tV-'^''P*»llia,a.)  < 
if  for  a  with  \oi\  <  k 

(4.53)  l|$;f  i9“nlli,2(a„)  < 

Proof.  Using  (4.31),  (4.33)-(4.34)  and  (4.36)-(4.38)  and  noting  that  sim^  >  sincro  >  0,  we  can 
prove  (4.51)  for  a  =  (0,0,  A;),  a  =  (A;,  0,0)  and  a  =  (0,  A;,0)  in  the  same  way  except  applying  (4.3) 
of  Lemma  4.1  for  the  cases  a  =  (A;,  0,0)  and  a  =  (0,A;,0),  instead  of  (4.12)  of  Lemma  4.2. 

Analogously  (4.51)  can  be  argued  for  general  term  V°‘u  for  a  with  |a|  <  k.  (4.52)  can  be 
proved  in  a  similar  way  as  (4.26)  if  (4.53)  holds.  ■ 

Like  the  relation  between  ,.^.(Vm,tj)  and  ..  iVm,ij)  the  converse  of  Theorem  4.4  is  not 
true.  There  are  two  concrete  examples:  «!  =  </>  and  U2  =  0.  Both  are  not  in  H^’^((5to)  for  any 
/9m  G  (0,|),  meanwhile  u,-  6  Ti!p^{Om)  for  any  k  >2  and  any  /9m  €  (0,  j),  i  =  1,2.  It  is  worth 
indicating  |X>^U2l  €  L^((5m),  but  |P^U2|  ^  L^(Vm,tj)- 

Let  5  be  the  intersection  of  the  unit  sphere  and  the  infinite  polyhedron  which  coincides  with 
at  the  neighbourhood  Om  of  Am,  and  let  =  5  \  Uij6£„,  with  aij  =  cr,  ij  6  Cm- 

Lemma  4»5.  For  Om  =  §„  x  Is  we  have 

(4.54)  II/- -"'(»*  -  »)lli.(a.)  <  C  E  II/■*‘■■■*P“«*IIL»(CJ.) 

l«l  =  l 

and 

(4.55)  ~  ^)IIi,2((3^)  <  C  ^ 

|q|=1 
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when 


(4.56) 


a  =  lim 

\S.\ 


a  I  Js^ 


p)  dS, 


(4.57) 


Proof.  Let  v  =  and 


6  =  lim  ^  / 

|5.|  4 


U0{(l>,  0,p)  dS. 


Js„ 


\r  /  1^1  t  ^\T  7  7,/ 

Then  arguing  in  the  same  way  as  that  for  Lemma  4.3  we  have 


(4.58) 


||p/5m  ^(w  -  a)^||L2(0^)  <  ^^^p||L2(d„) 


and  arguing  analogously  as  for  (4.11)  of  Lemma  4.1  we  have 


(4.59) 


|a'|=l 


Then  (4.54)  follows  from  (4.58)  and  (4.59). 

Next  let  w  =  ue,  and 

^(p)=  TTT  /  ue{(f),e,p)ds. 

Js„ 

Analogously  we  have 

ll/m-2(^  -  ^)llL2(a„)  ^  C'llp^”‘"^“epllL2(a„) 

and 

ia'i=i 

which  yields  (4.55).  ■ 

Theorem  4.6.  If  u  £  0  <  £  <  2  and  /3m  €  (0,  |),  then  [u  -  x{<f>,9))  €  H^'^iOm) 

where  x  =  0  for  £  =  0, 1,  and  x{4’>^)  =  a(f>  +  bO  for  £  =  2,  a  and  b  are  given  by  (4.56)  and  (4.57) 
respectively,  and  for  a  with  |q:|  <  A; 


(4.60) 


\\^Z^^{u-x)hHo,.)<C\\u\U.7 


Moreover,  if  for  a  with  |a|  <  A: 


(4.61) 
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then  for  |al  =  k 


(4.62) 

Proof.  We  will  prove  (4.60)  and  (4.61)  for  a  =  (fc,0,0).  The  proof  for  general  a  with  |a|  =  k  is 
the  same.  Due  to  (4.47)  we  have 

(4.63) 

71=1  |cv|=ri  ni+n2<A: 

n^+n^  —  k 

rii  >0 

For  f  =  0, 1  (4.60)  for  &  =  {k,  0, 0)  with  k  >  i  follows  immediately.  For  £  =  2  and  |a|  =  1,  we  have 
by  (4.3)  of  Lemma  4.1 

<  C'lkll'H^-2  (o„) 

and  by  (4.54)  and  (4.55)  of  Lemma  4.5  we  have 

||p/3m  _  a)||L2((5^)  <  C'||w|Iw2,2 

Pm 

and 

Pm 

Then  (4.60)  stands  for  a  =  {k,  0,0)  with  k  >  £  >2. 

If  (4.61)  holds  for  a  with  |a|  <  k  then  it  follows  from  (4.47)-(4.48)  and  (4.61)  that 

n=l  icy|=n  ni-\-n2<k 
n3+n4  =  Ar 

Ui  >0 

k 

<  2(sin(7o)-*'+”5Wn!d" 

n=l 

<  C(sm»„)-‘7‘W 

n=l 

<  Cd^kl 

with  dl  =  max{di,d2,dz)  and  di  =  max(dj',7/  sincro).  Thus  we  complete  the  proof.  ■ 

(4.61)  and  (4.62)  in  Theorem  4.5  give  the  following  coroUary. 

Corollary  4.6.  If  u  G  Bp^(Om),  0  <  £  <  2,  then  {u-  x)  ^  ■ 

Summarizing  Theorem  4. 5-4.6  and  CoroUary  4.5-4.6  we  have 
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Theorem  4.7.  (i)  For£  =  0, 1  and  B^p^(dm)  are  equivalent  toTip^iOm)  and Bp^(dm), 

respectively; 

(ii)  and  are  equivalent  to  the  quotient  space 'Hp^(dm)\'P  and 

V,  with  V  =  {a4>  +  b0,a^b  E  ■ 

5.  COUNTABLY  WEIGHTED  CONTINUOUS  FUNCTION  SPACE  C2(ft) 

The  countably  normed  spaces  defined  in  Section  2  give  the  description  of  quantity  of 

the  derivatives  of  functions  of  any  order  in  weighted  Sobolev  norm,  which  will  be  used  in  Part  II 
and  Part  III  of  this  series  of  our  papers  to  describe  the  regularities  of  the  solutions  of  elliptic 
problems  in  nonsmooth  domains.  In  many  applications,  for  instance,  the  error  estimates  of  the  p 
and  h-p  versions  of  the  finite  element  solutions,  we  prefer  to  use  the  pointwise  estimates  of  high- 
order  derivatives  of  solutions  (see  [8,9,21]).  The  imbedding  of  into  £  >  2  tell  us 

only  the  continuities  of  the  derivatives,  but  it  gives  no  quantitative  information  of  the  high-order 
derivatives  of  the  solutions.  We  shall  introduce  a  countably  weighted  space  C^(0)  with  weighted 
norm  in  this  section  and  establish  the  relation  between  the  space  B^(fl)  and  C^(fi).  Then 
combining  the  regularity  theorems  in  the  frame  of  the  space  B^(fi),  which  will  be  given  in  Part  II 
and  Part  III,  we  shall  have  pointwise  estimates  of  the  high-order  derivatives  of  the  solutions  of 
elliptic  problems  in  nonsmooth  domains  in  IR^. 

5.1,  Countably  Normed  Space  (Wij). 

Let  Kij  =  Qe-.  X  Isij  be  the  neighbourhood  of  the  edge  Aij  which  lies  on  rca-axis,  and  let 
r(a;)  —  r  =  dist(a:,  A^j)  for  x  E  Ifij.  We  write  Q  =  Q^.j  and  I  =  ,  and  assume  that  I  =  (0, 1). 

By  C^..(ZYij),  0  <  ^ij  <  1,  we  denote  a  set  of  functions  u  E  C^{Uij)  such  that  for  laj  >  0 

(5.1)  -  «(0,0,X3))||co(«,,)  <  Cd^al 
and  for  A:  >  0 

(5.2) 

It  follows  from  (5.1)  that  for  x  6  Uij  and  any  o 
(5.1')  |l?“(w(a;)  -  ti(0,0,X3))|  < 

and  (5.2)  implies  that  v{x:i)  =  m(0,0,X3)  is  an  analytic  function  of  X3  on  I.  Furthermore,  the 
definitions  of  the  space  and  B^.^.(ZY,j)  imply 
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Theorem  5.1.  C^..(Wij)  C  fore  >  0,  arbitrary. 

For  the  converse  of  Theorem  5.1  we  need  a  lemma  which  follows  directly  from  Lemma  A. 2 
and  A.3  of  [4]. 

Lemma  5.1.  LetU^  =  {x  =  (a:i,X2,a:3)  1  (a;i,a:2)  €  Qe,xz  €  1}  with  Qe  =  {ir,0)  |  0  <  r  <  £,0  < 
e  <  uj}  and  I  =  (0,1).  (a;i,a;2,a;3)  and  (r,ff,X3)  are  the  Cartesian  and  cylindrical  coordinates, 
respectively.  Then  for  13  €  (0, 1)  we  have 

^  u\\h(u,)  +  lhllL2(i^i\i^i)} 

|aM=i 

<<^1  ^  w|Il2(Wi)  +  ll“llL2(i/i\Wp}» 

|a'|=l 

||r^"2(u-M(0,0,a;3))||5^2jj^^j  ^  w|1l2(Wi)  +  ll“'•llL2(Wl\W2)} 


and  for  a  with  I  o' I  =  1 


/5+a;i— 2 


2?“w|Il2(wi)  ^  c"!  X  “iiWi)  +  X  11-^“  ^iiWiwp} 


(5.6)  llr'^  ^-^*“^111,2(1/1)  -  X  “IIl^(Wi)  +  X  11-^“ 

|6'|=2  |S'1<1 

provided  the  right  sides  of  (5.3)-(5.6)  are  finite. 

Theorem  5.2.  C 

Proof.  Let  u  €  B|..(ZYij).  By  Theorem  3.5,  u  €  C°(W,j),  and  by  the  definition  of  B^,.(Wij) 

(5.7)  <  Cod°'al,  for  a  with  oi  +  02  >  2, 


(5.8)  WD'^uWlhuh)  <  Co  d“a!,  for  a  with  Oi  +  02  <  2. 

For  arbitrary  a:®  G  Uij  there  is  a  cylinder  D{x^)  =  {x  |  Si_i_2  <  J?(xo),X3  €  /} 

with  radius  R(x°)  =  |  dist(x°,  Ajj)  =  jr(x'^). 
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Let  D(x^)  =  D{x^)  nliij.  Then  for  any  x  €  D{x^) 

(5.9)  ^  —  R(x^)  <  r(x)  <  r{x^)  +  R(x^)  =  ^r’(a;°). 

Let  Af  be  a  linear  mapping  of  the  cylinder  Do  =  I  0  <  R  =  (^1+^3)^  < 

1,^3  e  /}  onto  D{x^),  and  it  maps  Do  =  G  .Do  I  0  <  (g)  <  Uij}  onto  D{x°),  where  (E,  @,^3)  are 
the  cylindrical  coordinates  of  the  point  ^  €  Do-  Set  n(a;)  =  D°‘u{x)  for  a  with  |a|  >  ai  +  0:2  >  1, 
and  F(0  =  v{MiO)-  Then 


II^'IIh=(D.)  <  C  S  /  |B“+’up 

Jd(x°) 


(5.10) 


<C  Y  /  jD^+^upda; 

Jd(x°) 


where  7  =  (7',  73)  =  (71^72,73)  and  I7I  =  |7'|  +  73  =  7i  +  72  +  73- 
If  |a'|  +  |7'|  =  X;s=i(as  +  7s)  >  2  we  have  by  (5.9) 

(5.11) 

f  /^/j.O'vX  -2(/3.j+|7'I+I«  |-2)  , 

I  iD^+'^ul^dx  <c(-^]  / 

Jd(x°)  \  2  /  Jr>i  ■r.o\ 


(5.12) 


I  |D“+^«|2  da;  <  cf  l+h  l-2)(a;)p“+'^«|2  dx 

Jd(x°)  \  2  /  Jd{x°) 

<  CCoV-2(^‘>+l“'l+l^'l-2)(a;°)((2d)“+^(a  +  7)!)l 
If  |a'|  +  |7'|  =  1,  we  have  by  (5.9)  and  Lemma  A.l  of  [4] 

/  \D^'^^u\^  dx  <  j  dx 

Jd(x^)  Jd{x^) 

<  C7r-2(^‘'-^)(x")  /  r2^-^  (a:)(|D^(D“+^u)|2  +  |D-"+^u|2)  dx 

JUii 


Combining  (5.10)-(5.12)  we  get  for  oi  +  0:2  ^  1 

IIT^IIh^(Do)  <  Cr-(^-+“^+"^-i)(a;°)d"a! 

with  C  =  CCo  >  Co  and  d  >  d.  The  Sobolev  imbedding  theorem  implies  that  for  |a|  >  ai+a2  >  1 

ll■^““llc°(D(®0))  =  ll^llc'>(Do) 

<  C'r-<^->+l“'l-^)(a:°)d'“a!. 

Now  consider  the  case  for  a  with  |a:'|  =  ai  +  03  =  0.  Let  v  =  D°‘[u{x)  —  ii(0,0,a:3))  and 
F(^)  =  v(M(^)).  Analogously  we  have  for  7  with  |7'|  =  71  +  72  =  2 

IP'^^llL^(r>c)  =  /  |D“+'^n|2  da; 

Jd(x^) 

(5.14)  <Cr2(i-^«)(a;°)  /  r(x)2(^-+lVl-2)p«+7y|2 

Jd(x°) 

<  CCor^^^~'^‘’\x°)d‘^+^ia  +  7)! 


(5.14) 


''ur  dx 
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and  for  7  with  I7I  <  2  and  |7'|  =  71  +  72  =  1  we  have  by  (5.9) 

(5.15)  \\D'>VU^d,)=  f  |£>“+T'«pdx 

Jd(x°) 

Jd(x’>) 


by  (5.3)  of  Lemma  5.1 


<(7r--2(^*i-i)(a;‘’)  [  |Di(£>“+T'u)p  d® 

Jd(x?>) 

<  CCor-2(^‘>-i)(x°)d“+T'+^(a  +  7  +  1)! 
and  for  7  with  I7I  <  2  and  71  +  72  =  0  we  have  by  (5.9) 

(5.16)  =  il(x«)-2  f  ll>“+T'(u  -  u(0,0,a;3))|"da: 

<  C7r-2(^‘^-^)(x")  [  r2(^*-'-2)|Z)“+T'(«-«(0,0,rc3)Pda; 

./I?(x0) 

by  (5.6)  of  Lemma  5.1 

<  CCor-2(^‘^-^)(a;'’)d“+^+2(„  +  7  +  2)! 

Combining  (5.14)-(5.16)  we  obtain  for  some  C  =  CCq  >  Co  and  d  >  d 

\\V\\w(Do)  <  Cr-2(^‘^)(a:»)d”“a!. 

The  Sobolev  imbedding  theorem  (see  [1])  further  leads  for  a  with  ai  +  02  =  0  to 


(5.17) 


||L>“(u  -«(0,0,X3))||cO(5(*O))  =  lll^llco(Do) 

<  Cr-(^‘^-^)(a:0)d“a!. 


Note  that  the  constants  C  and  d  above  are  independent  of  x®,  and  x®  is  an  arbitrary  point  in 
Uij.  Hence  (5.1)  follows  from  (5.13)  and  (5.17)  at  once. 

To  prove  (5.2)  we  let  «;(x)  =  Uj.k{x).  By  Theorem  3.5  w{x)  6  C°(Wij),  and  for  some  d  >  d 


(5.18) 


<  CCodlik  +  2)!(max{di})2  <  Cd“a! 


where  C  >  CCo^  Co  and  d>  d.  This  leads  (5.2)  and  completes  the  theorem. 


5.2.  Countably  Normed  Space  Cp^{Om)- 
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Let  O-m  be  the  inner-neighbourhood  of  Am  as  before.  It  is  assumed  that  Am  is  located  in  the 
origin,  and  one  of  the  edge  Ajj,  ij  €  Cm  lies  on  the  positive  a:3-axis.  Let  p{x)  =  p  —  dist(x,i4TO) 
for  X  e  Om- 

By  (Om)^  Pm  €  (0,|)  we  denote  a  set  of  functions  u(a;)  €  C°(0ni)  such  that  for  1q;|  >  0 

(5.19)  \\p^-+\-\-^D^{u{x)  -  <  Cd^a\ 

which  is  equivalent  to 

(5.19')  <  Cd“a!p-<^’"+'"l-5)(x). 

This  shows  how  the  derivatives  grow  as  a  increases  and  x  tends  to  the  vertex  Am  • 

Due  to  the  definition  and  we  immediately  have  the  following  theorem. 

Theorem  5.3,  C  Bl^^^{dm)  with  e  >  0,  arbitrary. 

For  the  converse  we  introduce  a  lemma. 

Lemma  5.2>  Let  u  E 'H.p'^(Om)-  Then 

(5.20)  /  p2(/3„-2)  |y  _  u(^Am)f  dx  < 

J  Om 

Proof.  Due  to  the  imbedding  of  Hj’^(d„)  (Theorem  3.6)  u  €  C°((5„).  We  can  prove 

in  the  same  way  as  that  for  (4,3)  of  Lemma  4.1  except  that 

is  used  with  a  =  u(0)  =  u{Am)^  instead  of  u(l).  Then  applying  (4.4)  of  Lemma  4.1  we  obtain 

(5.20) .  ■ 

Theorem  5.4.  Bp^{Om)  C  Cp^(O). 

Proof.  Let  u  €  Bl^{dm)-  Then  u  €  Hj’^(d„j)  C  C^{dm)  by  Theorem  3.6,  and  for  a  with 

|a|  >  2 

and  for  a  with  |a|  <  1 
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Fix  an  arbitrary  point  Xo  G  Om  but  xq  ^  Am-  There  exists  a  ball  D{x^)  centered  at  a;°  with 
radius  =  |dist(a;°,  =  yKa:®)-  By  D(a;®)  we  denote  D{x^)f\d^.  For  any  x  G  D{x^)  we 


(5.21) 


ip(a;°)  <  p(a;“)  -  i?(a:®)  =  pix)  <  p(x®)  +  i?(x®)  < 


Let  M  be  a  linear  mapping  of  the  unit  ball  =  {^  =  I  iYfi=i(i)^  <  1} 

^(x®),  which  also  maps  Do  onto  £>(x°).  Set  v{x)  =  D^ [u  —  u{Am)) ,  |q:|  >  0  and  F(^)  =  v[M{^)). 
Then  by  (5.21) 


(5.22) 


iii^iih^(do)  <  E  /  I  dx 

|7|<2 

<C  E  dx 

./WxO) 


where  7  =  (71,72,73)  and  7'  =  (71,72)-  If  |a  +  7I  >  2  we  have 


(5.23)  Jd(x’^) 


[  \D°‘+'> 

Jd(x°) 


Up  dx  <  C 


<  Cp 


.  2  J  Jd(x<- 

-2(|a'+7|-2-f^,„)/'  0\//  J\o:-f7 


l"+7|-2+/5n.)|£)«+7„|2^a. 


)(x”)((ad)“+V  +  7)!)  • 


If  ja  -f  7I  =  1,  then  by  (4.4)  of  Lemma  4.1 


(5.24) 


[  \D°‘+'^u\dx^  <Cp‘^^'^-^”'\x^)  [  p2(/3„-l)|2?a+7y|2^^ 

Jd(x°)  Jd(x°) 


If  |a  +  7I  =  0,  then  by  (5.20)  of  Lemma  5.2  we  have 


(5.25) 


i{Am)\^  dx  <  C p"^^^  ^"“^(x”)  /  ^^|u-u(A„ 

Jd(xO) 


Combining  (5.22)-(5.25)  we  obtain  for  some  d  >  2d 


||V||h3(Do)  <  Cp-(^’"+l“l-5)(x0)«l"a!. 

By  Sobolev  imbedding  theorem 

l|l'llc*(Do)  <  C||F||h>(i>.)  < 

Note  that  xq  is  arbitrary  and  that  C  and  d  are  independent  of  xq  and  a.  Hence  (5.19)  follows 
immediately.  ■ 
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5.3.  Countably  Normed  Space  .. 

Let  Vm,ij  =  X  Is„  be  the  neighbourhood  of  and  Aij  as  before,  and  we  assume  that 
Am  is  at  the  origin  and  Ajj  lies  on  the  positive  ara-axis.  Let  p{x)  =  p  =  dist(x,  ^(a;)  =  r  = 
dist(a:,Aij),  and  =  sin<?i>(a;)  =  (j)  =  <f>{x)  is  the  angle  between  the  radial  AmX  and  the 

edge  Ajj. 

By  Pm  €  (0,  |)  and  Pij  €  (0,1)  we  denote  a  set  of  functions  w(a;)  €  C°(Vrn,ti) 

such  that  for  a  with 

(5.26)  ll/-+l“l-5(sin0)^‘>+“i+"^-ii?“(u(a:)-«(O,O,a;3))||co(v„,,,) 


and 

(5.27)  |||.,|'’-+l"l-i^(»(0,0.x,)  -  <  C4l=!. 

(5.26)  is  equivalent  to  the  estimates 

(5.26')  |D“(u(a;)-  u(0,0,a:3))|  <  C'd"a!/)-(^”‘+l“l+i^(a:)(sin <^(x))-(^‘'+"i+“=-^> 

which  indicates  the  growth  of  the  derivatives  with  respect  to  p{x),  (j>{x)  and  a,  and  (5.27)  is 
equivalent 

(5.27')  |^(u(0,0,X3)-u(A„,))|  <  Cd3H!|x3|-<^-+"-^>. 

which  tells  that  the  trace  of  u(a:)  on  the  edge  Kij  belongs  to  the  countably  normed  space  ) 

with  respect  to  the  vertex  Am  (see  [5]). 

Then  by  the  definition  of  the  space  ..(Vm,ii)  and  the  space  ..(Vm,ii)  we  immediately 
conclude 


Theorem  5.5.  (Vm,ij)  C 

arbitrary. 


Bl  .. 


with  fim^ij  d"  ^  —  (/^m  H"  "i”  ^)j 


For  the  converse  theorem  we  need  a  lemma. 

Lemma  5.3  Let  u  €  then 

(5.28)  ^  dx<C||u||5,2,2 

Proof.  Due  to  the  imbedding  of  j,  (^m,tj)  into  C^{VTn,ij)  (Theorem  3.7),  u  £  C^iVm,ij)-  It 
can  be  proved  that 

/  -  n{A„)\^  dx  <  C||p'’"-‘f 
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in  the  same  way  as  that  for  (4.3)  of  Lemma  4.1  except  that 


•/  0 


is  used  with  a  =  u(0)  =  u(A^),  instead  of  w(l).  Furhter 


/  ^'^\D^u\^  dx  <C  j  '^'>\D^u\^  dx 


by  (4.12)  of  Lemma  4.2 


which  leads  to  (5.28). 


<  C\\u\\l 


Theorem  5.6.  B^„,(y(Vm,ii)  C  (Vm,,^). 

Proof.  We  assume  that  Cij  =  cr  <  j.  For  a  fixed  point  x^  €  Vm,ij  but  a;°  ^  Ajj,  there  exists 
an  ellipsoid  b{x^)  =  {a:  =  (xi,a:2,a;3)  I  Z),=i,2  ^  ®  =  jdist(xo, A,j)  = 

|r(a:“)  and  b  =  |dist(xo,  A^)  =  |p(2^°)}-  Let  D(x^)  =  b{x^)  n  Then  obviously  we  have 


(5.29) 


ir(a;°)  <  r(a;°)  —  a  <  r(x)  <  r(a;®)  +  a  <  -r(a;®) 
2  2 


(5.30) 


\p{x^)  <  p{x^)  -b<  p{x)  <  p{x^)  +  b<  ^p(x®). 


Let  u(x)  €  .^,(Vm,tj)-  Then  u{x)  €  ,^.(Vm,jj)  C  C®(VTO,,j)  by  the  imbedding  theorem 

(Theorem  3.7),  and  for  |a|  >01+02  >2 

||p0m  +  |a|-2^g|jj  ^^/3(,+ai  +  a2-2£)ay||^2^^^  <  Cd°‘a\ 


and  for  |o|  >  2  and  Oi  +  02  <  2 


<  Cfal 

Now  let  M  be  a  linear  mapping  of  the  unit  ball  ^0  =  {^  =  (^ij^^^a)  I  ^  1} 

the  ellipsoid  D{x^),  then  M  maps  Do  onto  D{x°).  For  |o|  >01  +  02  >  1  set  u  =  D°‘u  and 
v{0  =  V{M{0).  Then 

(5.31)  IIL^II'h^(Do)  =  E  /  \D-+'>u\Ux. 

JD(xO) 
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If  |a  +  7|  >  +  7s)  >  2  we  have 

(5.32) 


f  \D°‘+'^ufdx<c(^^] 
Jd(x^)  \  2  / 


O^x  -2()9^+|a+7|-2)  x  .  -.2()9i,.+|a'K|y |-2) 


•  f  p2(^„x4-|oc+7|  2)^gjj^0^2(^ij+|a  |+|7  I  dx 

Jd(x^) 

<  C/)(x“)-2(^”‘+l“+T'l-2)  (sin ((6d)“+^(a  +  7)!)^ 


If  |a  +  7|  >2  and  ai  +  a2  =  1,  7i  =  72  =  0,  we  have 


(5.33) 


f  f  p2(/3m  i)(sin^)^^^‘^  ^^\D°‘'^'^u\^p^  dSdp 
J\p{x»)  Js„.^ 


By  the  arguments  similar  to  those  for  (4.15)  and  (4.16)  we  have 

f  [  p^^^”'~^\sm(f))^^^^^~^^\D°‘'^‘^u\^p^  dSdp 

<C  f  [  (p2^n»(sin(^)^^o  Uxi\^  +  \D°‘'^''u\^)p^ dSdp 

^53^^  •' 2^(®®)  i=l 

<C(£^^)-2(I“+7|-1)  .  (  f  p2(^m+|o+7|-l)(sin^)2Ai  Y'  iD'^+'Tu^f  dx 
2  Jvm.a 

+  [  p2(/3„+|a+7l-l)j£)a+7„|2 

•'Vm.y 

Combination  of  (5.33)  and  (5.34)  gives  for  |a  +  7I  >  2,  ai  +  02  =  1  and  7^  =  72  =  0 


(5.35) 


f  |Z)“+V  dx  <Cp“2(^™+l“+'^'"^)(sin^(a;°))"2(^‘^"^)d“+^(a  +  7)! 
Jd(x«) 


(^(“i  +  ^)d’i  +  !)• 


|a|  =  ai  +  02  =  1,  I7I  =  0,  we  have 


(5.36) 


/p,^, (^) 

Jd(xO) 


by  (4.12)  of  Lemma  4.2 


Combining  (5.31)  and  (5.35))-(5.36)  we  get  for  a  with  ai  +  02  >  1  and  d>6d 

(5.37)  ||1^|Ih*(i>„)  <  Cp-(^-+l“'-^)(a:")(sin<^(a:°))"^^‘''^“‘+“*"'^d“a!. 

We  next  consider  the  case  that  |q:'|  =  ai  +  02  =  0.  Set  v  =  u  —  u(0, 0,13)  and  V  =  t;(M(^)). 
Then  analogously  we  have 

(5.38)  l|l^llH2(i7o)  <  C/9(s°)-(^™+l“l-i)(sin^(a;°))”^^*^"^^d“a!. 

By  Sobolev  imbedding  theorem 

ll^llcopo)  <  CIIFIIh^cdo) 


which  together  with  (5.37)  and  (5.38)  implies  (5.26). 

In  order  to  prove  (5.27)  we  let  =  (0, 0,  a:®)  with  x®  6  Ism  and  ZY^o  =  {x  6  Vm,ij  |  0  <  r  < 
^x®  tancr,  ^x®  <  X3  <  x®}.  There  is  a  mapping  M; 

(  xi  —  5X3  tan  <7^1 


<  X2  =  5X3  tan  £7  ^2 

[  X3  =  xg^3 

which  maps  ZY°  =  {^  =  (^1,672^3)  1  0  <  y/^f  +  <  1,  |  <  ^3  <  1}  onto  Z4o.  Let  U{i)  = 

u(M(^))  —  n(0,0,0).  Then  for  a  with  qi  +  02  >  2 


(5.39)  /  lL>“17p(^2^.^2)/3i^+ai+a2-2^  <  ^^02(a3+i  /3i,)  /■  |^a 

Juo  Ju^o 


|2^2(/?y+Ql+02-2) 


(5.40)  f  \D“u\ 


2„2(/3ij  4- +Ck2  ~2) 


dx  <  CA{x°)  [  lD“«|2p^^^'"'^'“'"^^(sin^)=*(^‘.'+“^+“*-2)  dx 

Ju^o 


where 


if  fim  —  Pij  +  0:3  >  0 


a;2  \  ”2(^rn— 


if  pm  Pij  +  0^3  ^  0 


(5.39)  and  (5.40)  yield  for  ai  +  a2>2 


(5.41) 


[  |D“Cf|2(^2  ^^2)^y+«i+«2-2^  <  C72“®li°|-2(/?™-i)d«a! 
Ju^ 

<  C|x§r2(^”*-*)(2d)‘"a!. 


-  49  - 


Here  we  used  the  assumption  that  cr  < 

For  a  with  ai  +  02  <  2  and  |a|  >  2  we  have 


(5.42) 


f  /  \D°‘ufdx 

JUO  JVrr^M 

JKo 

<  C7|x5r2(^”*-i)(2d)“a!. 


For  a  with  lal  =  1 


[  \D‘^U\^d^<C\xl\-^  f  |I>“«pdx 

Ju°  Ju^o 

JVm.U 


by  (4.3)  of  Lemma  4.1 


Hr  ..(Vm.o)’ 

Pm,xj 


(5.43) 

by  Lemma  5.3 


f  \UiO?d^<C\xl\  ^  f  |«(x) -u(0,0,0)pdx 

Ju°  JU^o 

<  C'|x3|“^^^’"“2)  f  p^(^’”“^)|u(a:)  -  u(0, 0, 0)pdx 


Therefore  W(^)  e  due  to  (5.41)-(5.43).  Then  applying  (5.18)  of  Theorem  5.2  we  have 

that  for  ^3  6  [5, 1]  and  d  =  Kd  with  some  K  >  1 


^([/(0,0,^3)  -  C^(0,0,0))|  <  C'|x°r(^--^)d“a! 


(ti(0,0,X3)  -  «(0,0,0))  <  Cjxsl  2^d“a!. 


which  implies 


Since  x®  is  arbitrary,  this  completes  the  proof  of  (5.26),  and  hence  the  theorem. 

5.4.  Countably  Normed  Space  C^(fl). 

By  C|(fi)  we  denote  the  coimtably  weighted  continuous  function  space,  namely  for  u  €  C|(fi), 
there  hold: 

(i)  «  €  C“(Q); 
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(ii)  «lwy  e  for  any  ij  6  C; 

0“)  «ldm  e  for  any  m  G  M\ 

(iv)  e  C|^,j^(Vm,ti)  for  any  ij  e  £m  and  m  G  Af; 

(v)  «bo  ^  C°°(f2o),  and  for  x  e  fio 

|£>“u(x)|  <  Cd^a!. 

Due  to  the  definition  of  B^(n)  and  C^(D)  and  Theorem  5.1-5. 6  we  have  the  following  con¬ 
clusion. 

Theorem  5.7.  B|(D)  C  C^(D)  C  B|^.g(D)  vrith  e  >  0,  arbitrary.  m 

Remark  5.1.  Analogously  the  spaces  C^(fl)  fori  >  2  and  0  <  £  <  2  can  be  deSned,  then  similar 
results  for  these  spaces  will  be  valid,  namely,  C  C  B^^£.(fl)  with  e  >  0,  arbitrary,  m 

We  now  have  established  the  theory  of  the  countably  normed  spaces  and  the  dynamical 
weighted  Sobolev  spaces  in  IR®, which  will  be  the  foundation  to  study  the  regularity  of  solutions 
for  elliptic  problems  on  polyhedral  domains  in  the  forth  coming  papers[26,27].  The  theorems  on 
imbedding  and  the  equavilence  of  spaces  in  different  coordinates  and  in  different  weighted  norms 
will  precisely  charaicterize  the  behaviours  of  the  solutions  in  various  neighborhoods  of  polyhedral 
domains.  The  theory  can  be  generalized  further  for  the  problems  on  nonsmooth  domains  in  IR^ 
with  surface  boundaries.  Nevertheless  we  will  not  elaborate  it  here  although  this  case  is  important 
in  engineering  appUcations. 
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